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Abstract 



We classify 1-connected compact homogeneous spaces which have the same 
rational cohomology as a product of spheres S"^ x S"^ , with 3 < rti < n2 and n2 
odd. As an application, we classify compact generalized quadrangles (buildings of 
type C2) which admit a point transitive automorphism group, and isoparametric 
hypersurfaces which admit a transitive isometry group on one focal manifold. 
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Introduction 



The classification of compact Lie groups acting transitively on spheres due to 
Montgomery, Samelson and Borel was one of the main achievements in the early 
theory of compact transitive Lie transformation groups. Later. Hsiang and Su 
classified compact transitive groups on (sufficiently highly connected) Stiefel mani- 
folds. Their results were extended by Scheerer, Schneider and other authors. Given 
a compact 1-conncctcd manifold X. it is in general difficult to classify all compact 
Lie groups which act transitively on X. The problem becomes more complicated if 
only certain homotopy invariants of X such as the cohomology ring are known. If 
the Eulcr characteristic of X is positive, then results of Borel, Dc Sicbcnthal and 
Wang can be used. However, if the Euler characteristic is 0, there is no general 
classification method. 

if if if 

In this book wc classify all 1-conncctcd homogeneous spaces G/H of compact Lie 
groups which have the same rational cohomology as a product of spheres 

with 3 < rii < n2 and n2 odd. Note that this implies that the Euler characteristic 
of G/i/ is 0. Examples of such spaces are — besides products of spheres — Stiefel 
manifolds of orthonormal 2-framcs in real, complex, or quatcrnionic vector spaces; 
another class of examples are certain homogeneous sphere bundles. The following 
theorem is a direct consequence of this rational classification. 

Theorem Let X = G/H be a 1-connected compact homogeneous space of a compact 

connected Lie group G. Assume that G acts effectively and contains no normal 
transitive subgroup, and that X has the same integral cohomology as a product of 
spheres 

with 3 < ni < n2 and n2 odd. There are the following possibilities for G/H and 

the numbers (ni,n2). 

(1) Stiefel manifolds 

SO(2n)/SO(2n - 2) = V2(M2") (2n - 2, 2n - 1) 
SU(n)/SU(n-2) = y2(C") (2n - 3, 2n - 1) 
Sp(n)/Sp(n - 2) = V2{W) (4n - 5,4n - 1). 

(2) Certain homogeneous sphere bundles 

Sp(n) X Sp(2) /Sp(n - 1) • Sp(l) (7, 4n - 1) 
Sp(n) X SU(3)/Sp(n - 1) • Sp(l) (5, An - 1) 
Sp(n) X Sp(2)/Sp(n - 1) • Sp(l) • Sp(l) (4,4n- 1). 
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( 3) Products of homogeneous spheres 

where Ki /Hi is one of the spaces 

SO(n)/SO(n- 1) =S"-i 
SU(n)/SU(n- 1) = S2"-i 
Sp(n)/Sp(n- 1) =S^"-^ 
G2/SU(3) = 
Spin(7)/G2 =§^ 
Spin(9)/Spin(7) = 
and K2/H2 is one of the spaces 

SO(2n)/SO(2n- 1) =§2"-i 

SU(n)/SU(n - 1) = §^"-1 
Sp(n)/Sp(n- 1) =S'*"-i 
Spin(7)/G2 = 
Spm(9)/Spin(7) =8^^ 

(4) Some sporadic spaces 

E6/F4 (9, 17) 

Spin(10)/Spin(7) (9,15) 

Spin(9)/G2 = 1^2(02) (7,15) 

Spin(8)/G2 =S^ X (7,7) 

SU(6) /Sp(3) = SU(5)/Sp(2) (5, 9) 

Spm(10)/SU(5) = Spin(9)/SU(4) (6, 15) 

Spin(7)/SU(3) =y2(R*) (6,7) 

Sp(3)/Sp(l) X Sp(l) (4,11) 

Sp(3)/Sp(l)x Va,(Sp(1)) (4,11) 

SU(5)/SU(3) X SU(2) (4,9). 

The proof proceeds as follows. We show first that G/H has the same rational 
homotopy groups as the product §"1 x . This homotopy theoretic result follows 
from a generalization of a theorem by Cartan and Serre. The rational homotopy 
groups of a compact Lie group G can be determined explicitly; they depend only 
on the Dynkin diagram of G and the rank of the central torus. In particular, a 
compact connected Lie group has the same rational homotopy groups as a product 
of odd- dimensional spheres. It follows in our situation that rk(G') — ik{H) G {1,2}, 
depending on whether m is even or odd. Using this fact, we determine the rational 
Leray-Serre spectral sequence of the principal bundle 

H — >G — > G/H. 

If ni is odd, then the spectral sequence collapses, and G has the same rational 
cohomology as H x S"^ x S"^. If ni is even, then there are non-zero differentials 
in the spectral sequence and the situation is more complicated. In both cases we 
obtain a relation between the numbers (711,712) and the degrees of the primitive 
elements in the rational cohomology of G and H. 
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It follows also that G has a semisimple normal transitive subgroup K<G which 

has at most two almost simple factors. By a general result about transitive per- 
mutation groups it suffices to determine the pair (K, K r\ H) C (G, H) in order 
to determine all possibilities for the larger group G. Replacing G by we may 
therefore assume that G is almost simple or that G is semisimple with two almost 
simple factors. The condition ni > 3 guarantees then that H is also semisim- 
ple. We determine all such pairs {G,H) with the right rational cohomology and 

all possible embeddings H c ► G rising representation theory. Thus, we obtain 

an explicit classification of these homogeneous spaces together with the transitive 
group actions. 

In the special case that G/H has the same integral cohomology as x S"^ 
we obtain the list of homogeneous spaces given in the theorem above. In the 
course of the proof we determine also all compact connected Lie groups which act 
transitively on 1-conncctcd rational homology spheres; in particular, wc reprove the 
classification of transitive actions on spheres and on spaces which have the same 
homology as the Stiefel manifolds V^iM?"-^'^). 

* * * 

We apply our result to a problem in submanifold geometry. A closed hypersurface in 
a sphere is called isoparametric if its principal curvatures are constant. Hsiang and 
Lawson classified all isoparametric hypersurfaces which admit a transitive group of 
isometrics; these homogeneous isoparametric hypcrsiirfaces arise as principal orbits 
of isotropy representations of non-compact symmetric spaces of rank 2. 

By a result of Miinzner, the number of distinct principal curvatures of an 
isoparametric hypersurface is g = 1,2,3,4,6; the hypersurfaces with g = 1,2,3 
have been classified in the 30s by Segre and Cartan. Some hypersurfaces with g = 6 
were classified by Dorfmeister and Nelicr; the full classification for g = 6 still seems 
to be an open problem. The case of hypersurfaces with g — A is much more diffi- 
cult. Takagi proved uniqueness for isoparametric hypersurfaces with g = A distinct 
principal curvatures and multiplicities (1,A;). On the other hand, Ferus, Karcher 
and Miinzner showed that there are many non-homogeneous isoparametric hyper- 
surfaces with g — A distinct principal curvatures, and Stolz recently obtained sharp 
number theoretic restrictions on the possible dimensions of such hypersurfaces. 
Some of the known inhomogeneous examples have homogeneous focal manifolds, so 
the question arises if the classification by Hsiang and Lawson can be generalized to 
transitive actions on focal manifolds. In view of the classification by Segre, Cartan, 
Dorfmeister and Neher, the cases g = 1,2,3 are less interesting. If g = 4 and if 
the multiplicities (mi, m2) of the isoparametric hypersurface are large enough, then 
the focal manifolds have the same integral cohomology as a product of spheres. We 
apply our result about homogeneous spaces to this problem and obtain a complete 
classification. 

Theorem Let M he an isoparametric hypersurface with 4 distinct principal curva- 
tures. Suppose that the isometry group of M acts transitively on one of the focal 
manifolds, and that this focal manifold is 2-connected. Then either the hypersurface 
itself is homogeneous (and explicitly known), or it is of Clifford type with multiplic- 
ities (8,7) or (3,4fc-4). 

Recently, Wolfrom showed in his Ph.D. Thesis that the theorem above holds also 
if one drops the assumption that the focal manifold is 2-connected, and proved a 
similar result for g = 6. The final result is as follows. 
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Theorem Let M be an isoparametric hypersurface, and suppose that the isometry 

group of M acts transitively on one of the focal manifolds. Then either the hyper- 
surface itself is homogeneous (and explicitly known), or it is of Clifford type with 
multiplicities (8, 7) or (3, 4A; — 4). 

This theorem gives in particular a new, independent proof for the classification by 
Hsiang and Lawson. 

^ ^ ^ 

Another application is in topological geometry. Every isotropic simple algebraic 
group, in particular every non-compact real simple Lie group, gives rise to a spher- 
ical Tits building. These buildings arc characterized by the so-called Moufang 
condition. In the case of a non-compact simple Lie group, the building inherits 
a compact topology from the group action. These compact buildings are closely 
related to symmetric spaces, Fiirstenberg boimdarics and isoparametric submani- 
folds. They play also a role in the theory of Hadamard spaces and rigidity results. 

Tits classified all irreducible spherical buildings of rank at least 3 by showing 
that they automatically satisfy the Moufang property. In contrast to this general- 
ized polygons, i.e. spherical buildings of rank 2, need not be Moufang, and there is 
no way to classify them without further assumptions. 

In view of the examples above, it is natural to consider compact generalized 
polygons and to try to classify them in terms of their automorphism groups. A 
result of Knarr and the author states that such a building is of type A2, C2, or G2- 
Topologically, a compact generalized polygon looks very similar to an isoparametric 
foliation with 5 = 3, 4, 6 distinct principal curvatures, respectively; in particular, the 
cohomology of these spaces can be determined. This is the analogue of Miinzner's 
theorem mentioned above. 

An A2-building is the same as a projective plane; all compact homogeneous 
projective planes have been classified by Lowen and Salzmann. The compact ho- 
mogeneous G'2-buildings have been classified by the author. The remaining cases 
are the generalized quadrangles, i.e. the buildings of type C2. As in the case of 
isoparametric hypersurfaces, this is much more involved. The easiest case here are 
the quadrangles with Euler characteristic 4 which have been classified by the au- 
thor. The remaining case, namely compact quadrangles of Euler characteristic 0, is 
very interesting, since the inhomogeneous isoparametric hypersurfaces discovered 
by Ferus, Karcher and Miinzner are examples of such (non-Moufang) quadrangles. 

By general arguments, a transitive automorphism group on a 1-connected com- 
pact quadrangle contains a compact transitive Lie subgroup (the automorphism 
group of a compact building is in general not compact). Thus, we can apply our 
result to classify transitive actions of compact Lie groups on compact quadran- 
gles. We obtain a list of all possible transitive actions. For three infinite series 
we show that the group action determines the quadrangle up to isomorphism. In 
fact, we can (to some extent) use the same geometric methods and arguments both 
for isoparametric hypersurfaces with fit = 4 distinct principal curvatures and for 
compact quadrangles. 

Nevertheless, the classification of the compact quadrangles is much more diffi- 
cult than the classification of isoparametric hypersurfaces. This is due to the fact 
that an isoparametric hypersurface sits inside some Euclidean space on which the 
group acts linearly. Even though this surrounding space also exists for general- 
ized quadrangles, it has no natural Euclidean structure, and it is not a priori clear 
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that the group action has to be hnear. Therefore representation theory has to 
be replaced by arguments about compact transformation groups acting on locally 

compact spaces. The result is as follows. 

Theorem Let & be a compact connected quadrangle. Assume that the point space 
is 9-connected, and that the automorphism group is point transitive. Then (S is 
a Moufang quadrangle (in fact the dual of a classical quadrangle associated to a 

hermitian form overR, C orM). 

At this point, we should mention the following related results by Grundhofer, Knarr 
and the author. 

Theorem Let A be a compact connected irreducible spherical building of rank at 
least 2. Assume that the automorphism group is chamber transitive. Then A is the 
Moufang building associated to a simple non-compact Lie group G. If H C Aut(A) 
is a connected chamber transitive subgroup, then either H = G, or H is compact. 

All compact connected chamber transitive groups in the theorem above were deter- 
mined by Eschenburg and Heintze. Combining these results, we have the following 
theorem. 

Theorem Let A be a compact connected irreducible spherical building of rank k > 2. 
Assume that the automorphism group is transitive on one type of vertices of A. If 
the building is of type C'2 assume in addition that either (1) the vertex space in 
question is 9-connected, or (2) that the two vertex sets have the same dimension, or 
(3) that the action is chamber transitive. Then A is a Moufang building associated 
to a simple non-compact real Lie group of real rank k. 

In the C2-case, the assumption on the connectivity cannot be dropped completely, 
since there are counterexamples which are not highly connected. In view of the 
results in the present book, the following conjecture for the C2-case is very natural. 

Conjecture Let & be a compact connected generalized quadrangle. Assume that 
the automorphism group is point or line transitive. The either & is a Moufang 
quadrangle, or & is of Clifford type with topological parameters (3,4A;) or (7,8). 

Finally. I should mention here the following new and beautiful result by Immervoll: 
every isoparametric hypersurface with <? = 4 distinct principal curvatures is a C2- 
building. 

* * * 

The material is organized as follows. In the first chapter we collect some well- 
known facts about the algebraic topology of fibrations, spectral sequences, and 
Eilenberg-MacLane spaces. This chapter should be accessible for any reader with 
basic knowledge about algebraic topology. In Chapter 2 we prove an extension of 
the Cartan-Serre theorem about rational homotopy groups by a standard homotopy 
theoretic method. This is applied in Chapter 3 in order to determine the rational 
Leray-Serre spectral sequence associated to the transitive group action. 

All facts about representations of compact Lie groups on real, complex or 
quaternionic vector spaces which are used in the classification are presented in 
Chapter 4, which also contains tables about compact almost simple Lie groups and 
their low-dimensional representations. These facts may be of some independent 
interest. 
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Our classification of homogeneous spaces is carried out in Chapters 5 and 6. The 
classification is stated at the end of Chapter 3. Readers who are willing to accept 
this result without entering into the details can skip Chapters 5 and 6. However, 
the representation theory of Chapter 4 is used again in the last two chapters. 

In Chapter 7 we classify transitive actions of compact Lie groups on compact 
quadrangles. The homogeneous focal manifolds of isoparametric hypersurfaces with 
5 = 4 distinct principal curvatures are classified in Chapter 8, together with all 
possible transitive group actions. Here, the reader is assumed to be familiar either 
with topological geometry or with isoparametric hypersurfaces. 

The logical dependencies of the chapters are as follows: 

7 




1 2 3 4 5 6 




8 

In particular, Chapter 7 (topological geometry) and Chapter 8 (submanifold ge- 
ometry) are in principle independent of each other. Nevertheless, the subjects of 
these two chapters, isoparametric hypersurfaces and compact polygons, share many 
geometric properties which I tried to emphasize. Often, the proofs in Chapters 7 
and 8 are quite similar and geometric. Besides the global properties of isoparamet- 
ric hypersurfaces, very little differential geometry is needed in the classification. I 
hope that the present book will be useful both for differential geometers and for 
topological geometers, and that it helps to broaden the bridge between the two 
fields. 

* * * 

The book is a revised, corrected and expanded version of my Hahilitationsschrift. 
I would like to thank my teachers Theo Grundhofer and Reiner Salzmann for their 
constant interest and support. Harald Biller, Oliver Bletz, Norbert Knarr, Gerhard 
Rohrle, Stephan Stolz, Markus Stroppel, Hendrik Van Maldeghem, and Martin 
Wolfrom made helpful suggestions or spotted errors. I used a computer program 
by Richard Bodi and Michael Joswig to check the tables for the representations of 
simple Lie groups. Robert Bryant and Friedric;li Knop helped me with a riuestion 
about a certain representation. The commutative diagrams in the original manu- 
script were drawn with Paul Taylors diagrams T^jX-package. Finally, I would like 
to thank my wife, Katrin Tent, not only for reading the manuscript. Without her 
support, this book would not have been possible. 

Gerbrunn, February 2001 
Linus Kramer 



Man vergilt seinem Lehrer schlecht, 
wenn man immer nur der Schiller bleibt. 

F. N. 
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The Leray-Serre spectral sequence 

Our main tool from algebraic topology is the Leray-Serre spectral sequence. 
It relates the cohomology rings of the fibre and the base of a fibration with the 
cohomology of the total space. Although spectral sequences arc standard devices 
in topology, they tend to be somewhat intimidating to non-specialists. The aim of 
this chapter is to give a basic introduction to the relevant notions and techniques. 

Let us consider a specific example, the Leray-Serre spectral sequence with field 
coefficients. Let K he a, field, and let F, B be topological spaces. The Kiinneth 
Theorem asserts that the ii'-cohomology of the product E = F x B is given by 

H''{E;K)^ H.\F;K)<»W{B;K). 

i+3=k 

It is convenient to visualize the JsT-modules W'^ = W{F;K) (g) 'H.^{B;K) as dis- 
tributed on the lattice 1? C M^: attached to the point is the vector space E'^. 
Then H'^(£'; K) is obtained by adding up all vector spaces along the line i+ j — k. 

Now suppose that E is not a product, but the total space of a (if-simple) fibre 
bundle F — > E — > B. Then the cohomology of E is 'smaller' than the cohomology 
of the trivial bundle F x B. The recipe to obtain the iiT-modules H'^{E;K) is as 
follows. Start with the collection of iC-modules 'E^' = W{F;K) (g) W{B;K) as 
before. There exists a collection of maps, the differentials, denoted d2 : Sj^' — > 
^2^^'''~^- These differentials should be visualized as arrows going from to 
(i + 2,j-l). 



They satisfy the relation ^2 o ^2 = 0, so we can take their cohomology (kernel mod 
image) at each point («, j). Call the resulting ii'-module Eg-'. Note that this is a 
quotient of a submodule of Eg"* , so its dimension is srnallcir. Again, these _ft'-modulcs 
should be viewed as distributed in the plane. There is another differential da, this 
time from to {i + 3,j — 2). Now this process is iterated ad infinitum. The 
arrows ^2,^3,^4, • • • become longer, and their slope approaches —1. In the limit, 
one obtains a collection of if- modules denoted E^. Similarly as in the Kiinneth 
Theorem one has 

U\E;K)?- I^^. 

1 
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1. THE LERAY-SERRE SPECTRAL SEQUENCE 



In fact, one has not to go to infinity in this situation. Since Ej"* = for i < or 
j < 0, the arrows dr starting or ending at (i, j) are trivial maps for r large enough 
(e.g. r > max{i,j}). Thus, the modules EJ.'^ become stationary after some time. 

However, there is one big problem: in general, no information is given about the 
arrows ci2, ^3, • ■ • ! Thus, it seems to be impossible to determine E3-' , E4"' , . . . . Here, 
the multiplicative structure of the cohomology becomes important. The arrows dr 
act as derivations, and this makes it (often) feasible to determine all terms in the 
spectral sequence. 

The material of this chapter can be found in McCleary §§, Borel @, 



Spanier |90[, Whitehead |113], and Fomenko-Fuchs-Gutenmachcr [35 
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Throughout this chapter, R is a principal ideal domain. 

l.A. Additive structure 

1.1. Graded and bigraded modules 
A graded R-module is a direct sum 

M = M' = 

of i?-modules M\ indexed by the integers. Similarly, a bigraded R-module is a 
direct sum 

M = M" = M''^ 

of i?-modules M*'-' , indexed by pairs of integers. The elements of M* or M''^ are 
called homogeneous of degree i or bidegree {i,j), respectively. A graded or bigraded 
module is of finite type if the M* or M*'-' are finitely generated. A submodule 
A C Af is graded if A = 0.^^^ where = N D M\ 

1.2. Total gradings and tensor products 

Associated to a bigraded module M" is the graded module A/* = Tot(M) which 
is graded by the total degree, 

Tot(M)'= AP■^ 

j-\-k—i 

A typical example for a bigraded module is a tensor product of graded modules. 
Put 

Then the corresponding graded module is 

(M(g)A)^= 0(MJ(g)A'=). 

j+k=i 

Another example is obtained from filtrations. 

1.3. Filtrations and associated gradings 

A filtration of a module M is a collection of submodules 

• • • C F'Af C F'-^Af C F'-^Af C F'-^Af C • • • 

The filtration is bounded if F°Af — M, and convergent if ni>o f -^^ = 0. If 
M = M* is graded, then one requires that the submodules in the filtration are 
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graded. An example of a filtration is the following. Let X be a CW complex, and 
let X^'^^ denote its A;-skeleton. Then 

F*H^(X; R) = ker[W{X'^'-^'>;R) < — W{X; R)] 

defines a filtration of the cohomology module of X. 

Associated to a (bounded and convergent) filtration is the bigraded module 
G(M) which is defined by 

In general, it can be difficult to recover the graded module M from G(M) (this is 
a problem about module extensions). However, if M* is of finite type, and if R is 
a field, then 

Tot(G(M))' = -j:^ - 

1.4. Differential graded modules 

A map / : M* — > N* of degree r between graded modules is an _R-linear map which 
increases degrees by r, i.e. /(M*) C A^*+'". A differential is a map d : M* — > M* 
of degree 1, with (P =0. The cohomology of (M, d) is the graded module 

An i?-linear map / : Af" — > N" has bidegree (r, s) if /(M*'^) C 7V*+'^'J+^ A 
differential d of bidegree (r, 1 — r) is a map d : M — > M of bidegree (r, 1 — r) with 
d^ = 0. The cohomology of (M, d) is the bigraded module 

H^J(M) = ker[M^-^-^M'+'-.^-+i-n _ 

im[M*-'~'J-i+'- M''J] 

Note that d is a differential on Tot(M), and that Tot(H"(M)) = H*(Tot(M)). 
The pair (M, d) is called a differential (bi) graded module. 

1.5. Spectral sequences 

An "£12- spectral sequence is a collection of differential bigraded modules E^, indexed 
by r = 2, 3, 4, • • • , endowed with differentials dr of bidegree (r, 1 — r), such that 

Er+l = H(Er). 

The spectral sequence converges if for every pair (i, j) there exists a number n = Uij 
such the two maps 

^dr 



are trivial for all r > n. The resulting module E^^ = E*;:'|_j^ = E^i^2 — ^n+s — • • • is 
denoted by E^ , and one says that the spectral sequence converges to the bigraded 
module E". The spectral sequence collapses if all differentials dr vanish, and it 
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collapses at E„ if all differentials vanish for r > n, in which case E„ = Eqo- Note 
also that if Ej;^ = 0, then Ej.^^ = for all r > n. 

Each term E^ can be visualized as the grid C M^. The point with coordinates 
(i, j) represents E*'-' , and the differentials are arrows between elements of the grid 
pointing r steps to the right- and r — 1 steps downwards. As r increases, the arrows 
become longer and their slope approaches —1. 




Typically, the E2-tcrm contains lots of zeros. The first differentials are zero until 
the arrows become long enough to reach from one non-zero entry to another one. 
If the region in containing the non-zero terms is bounded, the arrows become 
too long after some time, and the spectral sequence collapses. 

Lemma 1.6. If R is a field, and i/dim(E„) < oo, then 

dim(Eoo) < dim(E„). 
Equality holds if and only if the spectral sequence collapses at n. 

Proof. We have 

dim(Er) = dim(im(dr)) + dim(ker(dr)), 

whence 

dim{Er+i) — dim(Er) — 2 dim(im(rfr))- 

□ 



Theorem 1.7 (The Leray-Serre spectral sequence). 

Let 

F >- E 



B 

be a fibration over a path- connected space B. The fundamental group T^iiB) acts 
on the fibre F and hence on the cohomology H*{F; R). If this action is trivial 
(e.g. if B is 1-connected), then the fibration is called i?-simple. Suppose that this 
is the case. Then there is an 'Ei2-spectral sequence which converges to the bigraded 
module associated to some (bounded and convergent) filtration of 11*{E] R), with 
'^W{B-W{F-R)). 



Proof. See Spanier 



90 



9.4.9. 



□ 
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Note that E*'-' = if i < or j < 0. Such a first- quadrant spectral sequence is 
always convergent because the arrows eventually stick out of the first quadrant. 
Put F'H-' = F'^& {E; R). There are short exact sequences 







E^ 







El 



■p'i — 1 jji ^ JJ'^ 







E°:' 







We consider the 'edges' of the first quadrant, i.e. the X- and F-axis. Note that 



is a quotient of F°H* = W{E; R), and that 

E^^ C E°'' 

because all arrows which come from the left are zero. Since the base B is assumed 
to be path connected, 11*^(5; H'(F; i?)) = H'(F;i?) and the following diagram 
commutes, cp. Spanier | |90| 9.5. 

W{E;R) 



W{F;R) 



E' 



0,i 



^E" 



The projection E — > B can also be interpreted in terms of the Leray-Serre spectral 
sequence. Note that there is a surjection 

7^1,0 . TTvi.O 



E 



Ei 



because all arrows starting on the X-axis are zero. Moreover, 

F^H' 



E 



i.O 



- pi+iH* 

If the fibre F is path connected, then U'{B;H°{F; R)) = H'(B;i?) and the dia- 
gram 



W{E;R) 



W[B-R) 



El 



e: 



i.O 



commutes, cp. Spanier ||90| 9.5 
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1. THE LERAY-SERRE SPECTRAL SEQUENCE 



1.8. Example Here is a very simple example. Suppose that the fibre F is 
i?-acychc, H'(F; R) = 0. Then all non-zero terms of the spectral sequence are con- 
tained in the X-axis, the spectral sequence collapses, and 'ii*{E; R) < — H*(i?; R) is 

an isomorphism. A similar result holds if B is i?-acyclic; in this case H*(F; R) 
W(E;R). 



Note that 1.7 says nothing about the differentials of the spectral sequence. 
Thus, it is almost impossible to determine Eoo from E2, except for very special 
situations. An important additional ingredient is the multiplicative structure of 
the cohomology rings. 



l.B. Multiplicative structure 
1.9. Graded algebras 
A graded R-algehra is a graded i?-module M* with an i?-linear map 

Tot(Af ® M) — > M 

of degree 0. Thus, M is an i?-algebra, with the extra condition that NP-IvP C M*"*"^ . 
If there is a unit element 1, then we require that 1 G . The multiplication is 

graded commutative if 

TOi • ma = (-l)d<=s(™i)dog(m2)^^ . 

holds for all homogeneous elements. If Af , N are graded algebras, then Tot(M(g) A^) 
is again a graded algebra if we define 

(mi ® ni) ■ (ma ® na) = (-l)dos(ni) deg(m2) . ^ . 

If M,N are graded commutative, then so is their tensor product. In the case of a 
filtration of a graded algebra M we require that 

The corresponding notions in the bigraded case are very similar. Here, we require 
that 

the multiplication is bigraded commutative if it is graded commutative with respect 
to the total degree. 



1.10. Differential graded algebras 
If d is a differential on a graded algebra M, and if d satisfies the Leibniz rule 

d{mi ■ ma) = d(mi) • ma + mi ■ d(ma), 

then (M, d) is called a differential graded algebra. Similarly, a differential bigraded 
algebra is a bigraded algebra M with a differential of bidegree (r, 1 — r), such that 
Tot(A/) is a differential graded algebra, i.e. 

d{mi ■ ma) — d{mi) ■ ma + (— l)*^-'mi • (i(ma), 

where deg(mi) = 



l.B. MULTIPLICATIVE STRUCTURE 
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Now we can sharpen the statement about the Leray-Serre spectral sequence. 
The E2-tcrm E^* ^ H*(B; H*(F; R)) is a differential bigraded algebra. If i? is a 
field, then there is an isomorphism of (bi)graded algebras 

H*(B; H'(F; R)) = H'{B; R) (g) H*(F; R). 

Note that the multiplication on the right-hand side is 

{bl /l) • (62 ^ h) = (-l)deg(/i)deg(b.)(^^ _ t^^^ ^ (j^ _ f^y 

The cohomology of a differential graded algebra is again a graded algebra. The 
differentials in the Leray-Serre spectral sequence are compatible with this algebra 
structure, i.e. the E^ are differential bigraded algebras, and Eoo is a graded algebra. 
Moreover, the corresponding filtration on H.*{E;R) is compatible with the cup- 
product. 

The following examples illustrate the multiplicative properties; they will also 
be useful later. 

Lemma 1.11. Suppose that H*(F;Q) = /\q(w) is an exterior algebra on one 
homogeneous generator u of odd degree n. Suppose that 

F E 



B 

is a Q-simple fibration, and that E is Q-acyclic. Then H*(B;Q) = Q[a] is a 
polynomial algebra on one generator a of degree n+1. 

Proof. The only non-zero terms in E2 (and hence in E^, 2 < r < 00) are 
contained in the two horizontal strips E*' and E*'". Thus, the only possibly non- 
zero differential is dn+i, and E„+2 — ^oo- Therefore, the sequences 

n ^ ir»>" ^ T^i+n+1,0 ^ n. 

U > ^n+l ' '^n+l * U 

are exact for all i gZ. But 

Ej^^i^Er = H^(S;Q) 

and 

j,i+n+l,0 ^ j,i+n-M,0 ^ H'+"+i(B;Q). 
This shows already that 

for z = (mod n+1) 
else. 




Let dn+i{l (E) u) = a (g) 1, for some a G H"+-'^(i?; Q). We claim that a*^ spans 
jjfc("-Hi)(5;Q)^ for ah A; > 0. This is true for k = 1, so we proceed by induction. 
Suppose that a*= spans H'=("+i)(B; Q). Then a'= ® m spans £2^"+^^'" ^ E^(++'^'". 
Now 

dn+i{a'' (g) u) = d„+i((a'= 1) • (1 u)) = {a'' O 1) • (a O 1) = a''+^ 1. 
This element spans e^^^^^'"'''^''^, and the claim follows. □ 



8 1. THE LERAY-SERRE SPECTRAL SEQUENCE 

Suppose now that H* {F; Q) is a polynomial algebra in an element a of even 
degree. Here, the multiplicative structure is more important. 

Lemma 1.12. Suppose that H*(F;Q) ^ Q[a] is a polynomial algebra in a ho- 
mogeneous generator a of even degree n. Suppose that 

F E 



B 

is a Q-simple fibration, and that E is Q-acyclic. Then H*(i?;Q) = /\q(^) 
exterior algebra on one generator u of degree n+1. 

Proof. The non-zero terms of E2 = H'(S;Q) (g) Q[a] are contained in the 
horizontal strips E*''^", for k > 0. Thus, the differentials d2,...dn vanish and 
E„+i S E2. Now E^'° ^ H'(B; Q) = for 1< i < n + 1, and the sequence 

is exact. Put a) = m 1. By the Leibniz rule, rf„+i(l a'^) = ku® a*^~^, 

whence 

dn+i{u igi a'') = 

for k > 1. The bigradcd subalgcbra /\q{u) (g) Q[a] C En+i generated by a and u 
is thus closed under the differential d„+i, and its cohomology is trivial, as is easily 
seen (using the divisibility of Q). Suppose H*(B;Q) ^ Aq(^)- Then there is a 
minimal number i > 1 such that W{B;Q) \ /\q{u) ^ 0. But now E^'+2 = for 
< j < i and fc > 0. Thus, all arrows that start or end at E^^2 — H'(B;Q) are 
zero. This contradicts the fact that E^ = 0. □ 

The two lemmata have an immediate application. Let tt be an abelian group. 
Recall that an Eilenberg-MacLane space of type (tt, n) is a space K{tt, n) with the 
property that 



TTk{K{-K,n)) 




: n 



Let PK{n, n) denote the path space. The map that sends a path to its endpoint is 
a fibration whose fibre (over the base point) is the loop space ^lK{TT,n), 

nK{Tr,n) — PK{TT,n) 



K{-K,n). 

The path space is contractible and hence acyclic. The long exact homotopy sequence 
of this fibration shows then that Q.K{'k, n) is a space of type K{tt, n — 1). Now S"^ 
is clearly a space of type (Z, 1). Combining the two lemmata we see the following. 



I.e. NOTES ON COLLAPSING 
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Proposition 1.13. Let K[Ij,n) he a space of type (Z,n). Ifn is odd, then the 
rational cohomology 

U'{K{Z,n):Q)^ /\{u) 
is an exterior algebra on one homogeneous generator of degree n. Ifn is even, then 

Il'{K{Z,n);Q) = Q[a] 
is a polynomial algebra on one homogeneous generator a of degree n. 

Proof. The 1-sphere is clearly a space of type (Z, 1). The proof is a 
straight-forward induction based on the two lemmata and the path-space fibra- 
tion. □ 

If TT is a finite cyclic group, then a space of type (tt, n) is Q-acyclic, cp. Spanier 
|90| 9.5.6. This, combined with the result above, yields the following. 



Proposition 1.14. Letir be a finitely generated abelian group of rank k. The 
rational cohomology of a space of type (tt, n) is a free graded commutative algebra 
on k homogeneous generators of degree n. Thus, ifn is odd, then 

U'{K{TT,n);Q)- f\{u,,... ,uk), 

where deg(Mi) = . . . = deg(7ife) — n, and if n is even then 

H*(if(7r,n);(Q)5^Q[ai,... ,afe], 

where deg(ai) = . . . = dcg(afe) = n. 

Proof. Let tt = Ci © • • • © Cr be a direct sum of cyclic groups. Any two 
Eilenberg-MacLane spaces of type (7r,n) are (weakly) homotopy equivalent; thus 

K{n,n) ~ K{Ci,n) x ••• x K{Cr,n), 



and the claim follows from the Kiinncth Theorem and 1.13. □ 



I.e. Notes on collapsing 

We collect some criteria which ensure that the Leray-Serre spectral sequence 
collapses. 

1.15. Let 

F E 



B 

be an i?-simple fibration. Assume that either H'(F;i?) or H*(_B;_R) is a free R- 
module. Then the E2-term of the Leray-Serre spectral sequence is 

E2 = H'(B;i?)(8)H*(i^;i?). 
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1. THE LERAY-SERRE SPECTRAL SEQUENCE 



Suppose that the first differentials 1^2, c?3, • • ■ ,dk-i vanish, E2 ^ E3 . . . = E^. 
Because of the Leibniz rule, the differential dk is completely determined by its 
restriction to the F-axis E°'': 

dk{b®f) = dk{{b®l)-{l®f)) 

= 4(& ® 1) • (1 ® /) + (5^1). ® /) 

^ V ' 



In particular, if dk is trivial on E^'*, then dk — 0. 

Definition 1.16. If the map 

l' : 1i'{E;R) — > W{F;R) 
is surjective, then F is called totally non-homologous to in E. 

Theorem 1.17 (Leray-Hirsch) . Suppose that 

i 



F 



E 



B 

is an R-simple fibration, and that F and B are of finite type. Suppose moreover 
that H*(i^) is a finitely generated free R-module. If F is totally non-homologous to 
0, then the Leray-Serre spectral sequence collapses, p* is an infection, and there is 
an additive isomorphism 

li*{E)^W{B)(g>ll'(F). 

The kernel of the map Ti'{F;R) < tl'{E;R) is the ideal generated by 

im(p')n0ff(i?;i?). 



Proof. See Spanier |90[ 5.7.9 and Mimura-Toda jTlJ] III Thm. 4.2 



□ 



CHAPTER 2 



Ranks of homotopy groups 



Suppose that X is a 1-connected space which has the same integral (co-)hoino- 
logy as a product of spheres. The aim of this chapter is to determine the ranks of 
the homotopy groups of X in terms of the rational cohomology of X. The idea is 
to generalize a result of Cartan-Serre [2C] who determined the rational homotopy 
groups of spaces whose rational cohomology ring is freely generated. The note of 
Cartan and Serre appeared in the Comptes Rendus, and they gave only a short hint 
how to prove their theorem; a proof can be found in Fomenko-Fuchs-Gutenmacher 



35 1 . We prove here a more general version of the Cartan-Serre Theorem. 

Everything in this chapter could also be done in the framework of rational 
homotopy theory and minimal models, see e.g. Felix-Halperin-Thomas p^ ]. I chose 
a more traditional homotopy theoretic approach. 



2. A. The Whitehead tov^^er 

Let X be a 1-connected space, and let tt^ — Trk{X) be the fcth homotopy group 
of X. The idea is the following. There is a sequence of spaces and fibrations 

> X(k + 1) — > X(k) — > X{k - 1) — > > X{1) = X 

with the following properties. 

WTi Each X{k) is (fc - l)-connected. 

WT2 The map X{k) — > X induces an isomorphism on all homotopy groups 
of degree at least k. 

WT3 The homotopy fibre of the map X{k + 1) — > ^{k) is an Eilenberg- 
MacLane space of type (tt^, /c — 1). 

This is sometimes called the Whitehead tower or upside-down Postnikov tower of 
X. It is rather easy to compute the rank of tt^ in terms of the cohomology group 

HH^(fc);Q): 

rk(7rfc) = rk(7rfc(X(fc))) = dimQ H'=(X(fc); Q). 

Thus, if there is a way to calculate the rational cohomology of the spaces X{k) from 
the knowledge of H*(X;Q), then one can determine the ranks of the homotopy 
groups. 

The Whitehead tower can be constructed as follows. Suppose we have already 
constructed X{k). Then X{k) is [k — l)-connected. There exists an Eilenberg- 
MacLane space K{nk, k) and a map 6 : X{k) — > K{-Kk, k) that induces an isomor- 
phism between TTk{X{k)) and iTkiKlTTk, k)) (one way to obtain this space is to kill 



all higher-dimensional homotopy groups of X{k), cp. e.g. Whitehead 113 V.2.4) 



11 



12 2. RANKS OF HOMOTOPY GROUPS 

Consider the path space fibration 



K{TTk,k). 

Since the path space of any 0-connected space is contractible, fiif (tt, k) is an 
Eilenberg-MacLane space of type (tt, fc — 1). We pull the path-space fibration 
PK{7Tk, k) — * K{TTk, k) back via 9 and denote the resulting total space by X(fc + 1), 



nK{^k.k) 



X{k + 1) 



X{k) 



PK{7Tk,k) 



K{nk,k). 



The interesting part of the exact homotopy sequences of these fibrations is 

d 



nk{K{Tik,k)) 



TTk{X{k)) 



d 



TTk-i{K{T:k, k - 1)) 



■nk-i{K{TTk-, k - 1)) 



It shows that TTk{X{k + 1)) = = TTk-i{X{k + 1)); thus, X{k + 1) has the claimed 
properties WTi, WT2, and WT3. 

Suppose that nk is finite. Then K{TTk,k — 1) is Q-acyclic, and H*(X(fc + 

l);^) ^~ H*(X(fc);Q) is an isomorphism, cp. 1.8. So, finite homotopy groups in 
low degrees do not matter. 

Lemma 2.1. Let tt^- be the first infinite homotopy group of X. Then there is a 
chain of isomorphisms 



H'(X(fc>; 



H'(X(fc - 1) 



H'(X(fc-2>; 



H'(X;( 



□ 



By Hurewicz' Theorem we have = iik{X (k)). Since 

H'=(X(fc);Q) = Hom(Hfc(X(fc)),Q) = Hom(7rfc,Q) = Q'''^''^''), 

we have the following result. 

Lemma 2.2. Letli''{X;Q) be the first non-trivial rational cohomology group of 
X , for fc > 1. Then 

rkKO = dimQH'=(X;Q), 

and all groups ttj are finite, for < j < k ( note that we assumed that ttq = tti = 
0;. □ 



2. A. THE WHITEHEAD TOWER 
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So one can tell the rank of the first infinite homotopy group right away from 
the rational cohomology of X. Suppose now that rk(7rfc) = r. The question is if we 
can compute the cohomology of X{k + 1). In the diagram 

nK{Trk,k) >■ X{k + 1) >■ PK{TTk,k) 



X{k) 

we consider first the fibration on the right 

nK{TTk,k) 



K{7rk,k), 



K{Trk,k). 

This is very similar to what we did in 1.11 , 1.12 . Recall that nK{TTk, k) is a space 
of type {Trk,k-1), 

nK{7rk,k)~K{nk,k~l). 

Consider the Leray-Serre spectral sequence of this fibration. The total space 
PK{T:k, k) is acyclic, hence the Eoo-term is trivial. Since we are working over 
the field Q, the E2-term is given by 

^ WiKin, k);Q)(E) H*(if (tt, k-l);Q). 

Let fc > 2 be even. Then tl*{K{Tr,k — 1);Q) is an exterior algebra. Thus, the 
only non-trivial terms in E2 (and hence in E„, 2 < n < 00) are contained in 
the horizontal strips E*'", E*''^^^, . . . ,'E2'^'^'' ^\ Therefore, the first possibly non- 
trivial differential is dk, and 

E2 — E3 = • • • = Efe. 

The Efc-term looks as follows. 
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is exact. Let wi,. . . ,Wr be a basis for H*' ^{K{'k, fc — 1); Q). We define a Q-linear 
map r by 

(ifc(l (g) Wi) = T{Wi) (g) 1. 

The elements t{wi),... ,T{wr) span H'=(ii:(7r, fc); Q), therefore, 'H.*{K{'K,k);Q) is 
a (free graded) polynomial algebra in these elements, 

H*(i^(7r, fc); Q) = . . . , 6,] = Q[tK), . . . , r^)]. 

We claim that E/j+i is trivial. Put 

This is a bigraded subalgebra of which is closed under the differential dk, and 
it is easy to check that the cohomology of each Cj is trivial, H(C,) = 0. But 

Tot(Efe) = Tot(Ci O • • • O Cr). 

By the Kiinneth Theorem, 

H(Efe) =H(Ci)«)---«)H(C^) 

is trivial, and thus E^+i = Efe+2 = • • • = Eoo- 

If k is odd, then the non-trivial terms in E2 are in the vertical strips E2'*, 
E^'*,... Again, 

2 = JI13 = • • • = t/fe 

and the first possibly non- trivial differential is dk- 

s = s = k-l s = 2(fc-l) 




s 

As before the sequence 

0^10 'il''-\K{'K, k - 1); Q) H'=(i^(7r, fc); Q) «) 1 — ^ 
is exact, and we may put 

4(1 O bi) = T{bi) O 1. 

It follows that 

li'{K{n, k); Q) = /\{w,, ...,Wr) = /\(T{b,), r(6.)) 
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is an exterior algebra generated by the T{bi). By the same reasoning as above, 
Efe+i Efc+2 = • • • = Eoo is trivial. 

2.B. The Cartan-Serre Theorem 

Now we get back to our real problem, the fibration 
VLK{-Kk, k) X{k + 1) 



X{k) K{^k,k). 

The map in cohomology 9' induces a map between the two spectral sequences. The 
image of 0' is precisely the subalgebra of H*(X(fc); Q) generated by 'ii^{X{k)\ Q). 

Suppose that k is even. Again, the non-zero terms in E2 are contained in the 
horizontal strips E2 , for < j < r, and the same is true for E,;, i > 2. 

Therefore, the first possibly non-trivial differential again is dk, and 

E2 = E3 = • • • = E/j. 

Moreover, we know dk on the image of 6'. Let A* = 9*{ll*{K{Trk,k);Q)) denote 
this image. Suppose that the following holds: the cohomology algebra ii*(X{k); Q) 
decomposes as 

H'(X(fc>;Q) =Tot(A*«)B*), 

for some subalgebra B* C H'{X{k);Q). This holds for example if H.'{X{k);Q) is 
a free graded commutative algebra. Endow the complex B* with the trivial (zero) 
differential. Then there is an isomorphism of differential graded algebras 

E^* = Tot(A' ® U'{K{n, k - 1); Q)) ® B', 

and the Kiinncth Theorem yields 

Tot(Efe+i) = Tot(H(E;:.*)) = Tot(H(A* ® H*(X(7r, k - 1); Q)) ® B*). 

If the differential graded algebra A* (g) 'H.*{K{Tr, k — l);Q) is acyclic, then we obtain 
the classical Cartan-Serre Theorem. 

Theorem 2.3 (Cartan-Serre). Suppose that H*(X;Q) is a free graded anti- 
commutative algebra on homogeneous generators ai , . . . , of even degrees and 
homogeneous generators ui, . . . ,Us of odd degrees 

H'(X;Q) = Q[ai,... , a,] ® /\^(ui, . . . ,m,). 

Let 

rk = \{i\ deg(a,) = k}\ + \{i\ deg{u,) = fc}| 
denote the number of homogeneous generators of degree k. Then 

Tk{nk{X))^rk 

for all k. In particular, only finitely many homotopy groups of X are infinite, 



cp. Cartan-Serre |2C] Prop. 3. 
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Proof. Let k be the minimum of the degrees of the homogeneous generators. 



By Lemma 2.1 we have an isomorphism H'(X(fc);Q) < — H*(X;Q), and for 1 < 



i < k the groups TTi are finite. Suppose that k is even and that ai, . . . , a™ span 



H'=(X(fe); Q). By Lemma |2J rk(7rfe) = m. We may put 

B* = Q[a,n+i, ... ,ar]i» ■ ■ ■ ,Us). 

Then ll'{K{nk, k);Q) maps isomorphicaUy onto 

A* =Q[ai,... ,a,„] CH'(X(fc);Q). 

In the spectral sequence we have 

E'+i = H([A* <E> II'{K{tt, k - 1); Q)] (g) B') 

= H(A' (g) H'(iC(7r, /c - 1); Q)) ® H(B')) 
= H(B-) 
= B-, 

where all non-zero terms are contained in the strip E'^j^. Thus, 
H'(X(fc + l);Q) = Q[a,„+i,... , a,] . . . 

is isomorphic to H*(X(fc); Q) factored by the ideal generated by H*^(X(fc); Q). The 
result follows now by induction on the number of generators, starting with the case 
where X is Q-acyclic. The case when k is odd is similar. □ 

This implies of course Serre's famous result: the only infinite homotopy group 
of §^"+^ is TT2n+i- However, we need also to consider spaces which have the same 
cohomology as a product of an odd- and and an even-dimensional sphere. This is not 
covered by the Cartan-Serre theorem. Thus, suppose that the rational cohomology 
of X is of the form 

H'{X; Q) - Q[a]/(a™) ® . . . ,Ur). 

By the reduction process of the Whitehead tower, there is no loss of generality in 
assuming that k = deg(a) < deg(ui) for i = 1, . . . , r. Then we may put 

A* = Q[a]/(a") 

and 

Let dk{l ^ v) — a ^ 1. The cohomology of the differential bigraded algebra 

QH/(a™) ® /\^(«) C Efc 

is /\q{w), for an element w of bidegree (k{m — 1), — 1) (and total degree km — 1). 
Therefore Efc_|_i = Aqi^i ui, . . . , Ur). At this stage the spectral sequence collapses, 
and thus 

Eoo ^ U'iX{k + 1); Q) = A (u;, ui, . . . , u.). 



2.B. THE CARTAN-SERRE THEOREM 
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Theorem 2.4. Let X be a 1-connected space whose rational cohomology is of 
the form 

H*(X; Q) ^ QM/Ca-) . . . , 

where deg(a) is even and the degrees of the are odd. Let ri = \ {j\ deg(uj) = i}\- 
Then 

1 for k = deg(a) 

rk(7rfc) = Irk for k ^ deg(a) and k ^ m - deg(a) — 1 

Jk + 1 for k = m - deg(a) — 1. 

□ 

In particular, if X has the same cohomology as S^", i.e. if H*(X; Q) = Q[a]/(a^), 
then the only infinite homotopy groups are 7r2n and 7r4„_i. This is the even- 
dimensional version of Serre's finiteness result for homotopy groups of spheres. 



CHAPTER 3 



Some homogeneous spaces 



In this chapter we analyze the algebraic topology of certain homogeneous 
spaces, using the homotopy theoretic results of the previous chapter. The spaces 
we are interested in have the same cohomology as a product of two spheres. Al- 
though some of the theorems are tailored for this special situation, it should be 
emphasized that the methods developed here can be adapted to a much larger class 
of homogeneous spaces. 

The first section contains various results about the structure and the topology 
of compact Lie groups. In the second section we determine the rational Leray-Serre 
spectral sequence of the principal bundle 



H G ► G/H 

where G/H has the same cohomology as S"^ x S"^, where 2 < rii < n2 and n2 is 
odd. 

If III is odd, then the spectral sequence collapses. This result is also contained 



in Onishchik |80|. However, Onishchik uses real cohomology of Lie algebras instead 
of fibre-bundle techniques and spectral sequences, hence his proof is quite different. 
The result can also be found in a paper of Hsiang-Su about transitive action on 
Stiefel manifolds. However, Hsiang-Su were obviously not aware of the Cartan-Scrre 
Theorem, because they included a superfluous condition on the rational homotopy 
groups. 

We obtain a relation between degrees of the primitive elements in the cohomol- 
ogy of G and H and the numbers ni and n2. The second important result is that 
G has a semisimple normal transitive subgroup with at most two almost simple 
factors. 

In the last section we state the classification of all compact 1-connected homo- 
geneous spaces which have the same integral cohomology as a product x S"^, 
for 3 < ni < 712, "2 odd. The actual classification is carried out in Chapters 5 and 
6, using the results of this chapter and the representation theory developed in the 
next chapter. This classification is the first main result of this book. However, as 
I mentioned before, the reader who has a different classification problem in mind 
should have no problems to adapt the techniques and results of Chapter 3 and 4 
for his own purposes. 



3. A. Structure of compact Lie groups 

We call a compact connected Lie group almost simple if it has no normal closed 
subgroup of positive dimension. Such a group is connected with finite center, and 
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its Lie algebra is simple. The compact simple Lie algebras are the series 

a„ = su„+i, n> 1, 

bn = S02„+l, 71 > 2, 

c„ = sp„, n>3, 
5n = S02„, n > 4, 
and the five exceptional compact Lie algebras 

92, f4, ee, 67, and eg. 

There are isomorphisms 

SU2 = SO3 = spi 
504 = SU2 ® SU2 

SO5 = Sp2 
SOg = SU4. 

The corresponding classical groups are the complex unitary groups 

SU(n+l) ==SU„+iC, 
the orthogonal groups in odd dimensions 

S0(2n+ 1) = S02„+iK, 
the quaternion unitary groups 

Sp(n) = U„H, 
and the orthogonal groups in even dimensions 

S0(2n) = S02„M. 

The groups SU(n) and Sp(n) are simply connected; the universal coverings of the 
orthogonal groups SO(n), n > 3, are the groups Spin(n). A compact Lie group 
of type 02 , fi or eg is automatically simple and simply connected, and we denote 
these unique groups by G2, F4, and Eg, respectively. The simply connected groups 
of type eg, tj have centers Z/3 and Z/2, respectively. We denote these groups by 
Eg and E7. 

A prefix P denotes the corresponding simple group, e.g. PS0(6) or PEg. These 
groups and the compact 1-torus 

T = S0(2) 

are the building blocks of all compact connected Lie groups. 

Theorem 3.1 (Structure of compact connected Lie groups). 
Let G be a compact connected Lie group. Then there exist simply connected almost 
simple compact Lie groups Gi, . . . ,Gr and a torus and a surjection 

/ : Gi X • • • X X — >G 

with finite kernel. 



Proof. See e.g. Hofmann-Morris ||44| Ch. 6, Thm. 6.19, or Salzmann et al. 
85| 93.11. □ 
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A Lie group G is an H-space. Therefore the rational cohomology of G is a finite 
dimensional associative Hopf algebra, 



H-(G;Q)^A„( 



cp. Spanier [90| 5.8.13, generated by primitive elements {ui,. 
comultiplication 



, Mr}, i.e. with 



(8i 1 + 1 Ui, for i = 1, . 



cp. e.g. Whitehead [113| III. 8. Since G is an H-space, the fundamental group 



7ri(G) acts trivially on the homotopy groups iTr{G), for r > 1, cp. Whitehead |113| 
III. 4. 18. To determine the rational cohomology of G, it suffices to consider the case 
where s = 0, since G is topologically a product of a T'' and a semisimple group. So 
assume that s — Q. The map / described above induces then an isomorphism 

H*(Gi X ...xG,;Q)^H'(G;Q). 

(To see the last implication, consider the rational Leray-Serre spectral sequence of 
the Q-simple fibration 

Gi X • • • X Gr — >G — > K{iTi, 1). 

The base K{-ki,1) is Q-acyclic, since tti — tii{G) is finite — we assumed that 
s — Q.) Thus, we see that the Cartan-Serre theorem applies in particular to compact 
connected Lie groups; in particular, we have an isomorphism 

H*(Gi X • • • X G^, X r ; Q) ^ H*(G; Q) 

(now s is again arbitrary). 

3.2. Put rrii = deg(ui). These numbers are known for all compact almost 
simple Lie groups; they are as follows. 



Type 



cp. Mimura-Toda [71 



On 
bn 

c„ 

e? 

es 

U 

02 

III.6.5, 



mi, 



5,7,... ,2n + l) 
7,11,... ,4n-l) 
7,11,... ,4n-l) 
7,11,... ,4n-5,2n- 1) 
9,11,15,17,23) 
11,15,19,23,27,35) 
15,23,27,35,39,47, 59) 
11,15,23) 

11) _ 

Thm. 



70 



2.2. In particular, we 



VI. 5. 10 or Mimura 

see the following: If G is a compact connected Lie group, then the torus factor has 
dimension dimQ H^(G; Q), and if G has no torus factors, then the number of almost 
simple factors is dimQ H'^(G; Q). In fact, it is known that 7r3(G) = Z for all almost 
simple compact Lie groups, cp. Mimura |70| Thm. 3.9. Let Pq C H*(G;Q) denote 
the (graded) vector space spanned by the primitive homogeneous generators of the 
cohomology. We recall the following facts. 

• The dimension of Pq is the rank of G. 

• The dimension of Pq is the rank of the central torus of G. 

• The dimension of Pq is the number of almost simple factors of G. 

• If G is almost simple and of rank at least 2, then G is exceptional if and only 
Pq = (if the rank of G is at least 3 then it suffices that Pq = 0) . 



liP?, 
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These facts follow essentially from the structure of the rational cohomology of 
compact almost simple Lie groups given by the table above. 

Theorem 3.3 (Borel). Let G he a compact connected Lie group, and let i : 
H Q G be a closed connected subgroup. Then i*{PQ) is contained in Ph; we denote 
the restriction of i' to Pq by 

P,:Pg^ Ph- 

The image i*(H'(G;Q)) is an exterior algebra (and a Hopf algebra) generated by 
i'{PG)- The kernel of i' is the ideal generated by the homogeneous elements con- 
tained in it. 

Proof. See Borel §[ §21. □ 

Late, we will need the following result of Borel about compact transformation 
groups. 

Theorem 3.4 (Borel). Suppose that H ^ G is a closed connected subgroup of 
a compact Lie group G. Consider the principal bundle 

H ► G 

P 

G/H 

The image p* [H* {G / H ; Q)) is an exterior algebra (and a Hopf algebra) generated 
byPGnp'{U'{G/H;Q)). 

Proof. See Borel ||1 §21. □ 

3.B. Certain homogeneous spaces 

3.5. Irreducible actions 

We begin with some general observations about homogeneous spaces. Let X be a 
homogeneous space of a compact connected Lie group K . The action of on X 
is called irreducible if K has no proper normal transitive subgroup. There exists 
always a normal connected transitive subgroup G Q K such that the action of G 
on X is irreducible. 

Let L be a normal complement of G, i.e. K = G ■ L. Then 

L C Censym(x)(G) = C 

is contained in the group C of all permutations of X which centralize G. This 
group C can be recovered from (G, X) as follows. Let H = Gx be the stabilizer 
of an element x £ X and put X = G/H. We define an action of the normalizer 
N = NorG(i?) on X = G/H hy 

n ■ igH) = gn-'H; 

this action centralizes the action of G on X, and the kernel of this action is H. Thus 
we have an injection N/H c — ^ G. We claim that this injection is an isomorphism 

G ^ N/H. 
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Let c e C and note that H = fixes c{x), because C centralizes the action of H. 
Choose n G G such that n~^{x) = c{x). For h E H wc have hn~^{x) = n~^{x), 
so n £ N. Now let y G X be an arbitrary element. Choose g & G such that 
g{x) = y. Then c{y) = cg{x) = gc{x) = gn~^{x), and this is precisely the A''- 
action on X = G/H described above. Thus C = N/H. Note that N/H is locally 
isomorphic to CcnG(-ff)/Cen(iJ). Therefore we have the following result. 

Proposition 3.6. Let X be a compact space. To classify all compact connected 
groups which act transitively and effectively on X , it suffices to classify all pairs 
{G,H), where G is com,pact and connected, and where G acts irreducihly on X = 
G/H, and then to determine the G-normalizer (or centralizer) of the isotropy group 
H. □ 

Now we consider a compact 1-connected homogeneous space G/H which has 
the same integral cohomology as a product of spheres x S"^, where n\ < n2, 
and n2 is odd. Thus, the cohomology of G/H is 

n'{G/H) ^ /\^{u, v) deg(u) = m, deg(t;) = n2 

if ni is odd, and 

H'(G/if) ^ Z[a]/(a2) «) f\^{u) deg(a) = m, deg(u) = na 

if ni is even. We may assume that G is connected, because G/H is connected, and 
the evaluation map is open. 

Theorem 3.7 (Onishchik). Let G/H he a 1-connected, homogeneous space of a 
compact connected Lie group G. Suppose that the rational cohomology of G/H is 
an exterior algebra 

li'{G/H:Q) = Aiw,,... ,wr) 

in homogeneous generators of odd degrees. Let Pq/h C H.'{G/H;Q) denote the 
graded vector space spanned by the homogeneous generators wi, . . . ,Wr. Then the 
spectral sequence of the fibration G — > G/H collapses, and there is an exact se- 
quence 

O^Ph^Pg^ Pg/h ^ 0. 

In particular, 

rk(G) - ik{H) = r, 
and we have the following diagram: 

H*(i/;Q) . H*(G;Q) U'{G/H;Q) 



A (mi,... ,Us) A (mi,... ,Us,Wi,... ,Wr) A (Wi,... , 



Wr 



Proof. Consider the long exact homotopy sequence of the fibration H — > 
G — > G/H, tensored with Q. All even-dimensional homotopy groups of G, H 
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and G/H are finite. The field Q is a flat Z-niodule, hence there are short exact 
sequences 

TTk{H) Q ^ 7rfc(G) ® Q MG/H) Q ^ 

for all k (the groups are trivial if k is even). This proves that rk(G) = rk(iJ) + r. 

The rational spectral sequence of the fibration H — > G — > G/H has 
H'(G/iJ;Q) (g) H'(7?;Q) as its Ea-term. Therefore 

dimEa = dim H* (G/iJ; Q) • dim H*(7J; Q) = 2'' • 2'^'^"\ 

But 

dimEoo - dimH'(G;Q) = 2''^(^) = 1''+'^^"'^ = dimEz. 

Thus, the spectral sequence collapses. This implies that the map H — > G induces 
a surjection incohornology, and that G — > G/H induc es an injection. The claim 
follows from ^.3| and 3^ and the Leray-Hirsch Theorem 1.17 . □ 



The result above follows also from Theorem 1 on p. 216 in Onishchik |80| (for 
cohomology with real coefficients). 

3.8. How TO USE THIS 

Let G/H be a homogeneous space as in the theorem above. Let 

(mf,... ,m^+J 

denote the degrees of the homogeneous generators of the rational cohomology of G, 
and let 

(mf,... ,mf) 

denote the corresponding numbers for H. Then, after a suitable permutation of 
the indices, mf = mf for i = 1, . . . , s, so (mf^, . . . , m^) has to be a subsequence 
of (mf , . . . , m'^j^^), and the sequence which remains after deleting all entries of the 
subsequence gives the degrees of the homogeneous generators of the cohomology of 
G/H. This is essentially the method that we are going to use in the case that G 
is an almost simple group. For example, if G = SU(5) and H = SU(3), then we 
obtain 

(?,^,7,9) 
m" : (3,5) 
(7,9) 

If G is not almost simple, we need an additional reduction method, i.e. a bound on 
the number of almost simple factors (see 3.14 below). 

Now we assume that the cohomology of X = G/H is 

Il-{X;Q)^(J[a]/{a^)^/\{u) 

where deg(a) = ni is even, deg(M) — n2 is odd, and ni < n2. There are short exact 
sequences 

TTkiH) ® Q ^ TTkiG) ® Q ^ TTkiG/H) ® Q 
for fc ^ ni — 1, and an exact sequence 

TTnAG/H) ® Q ^ TTm-i{H) ® Q ^ 7r„,_i(G) ® Q — ^ 0, 
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since Trn^-i{G/ H) is finite. This shows that rk(G') — rk(i7) = 1. The rational 
Leray-Serre spectral sequence of the fibration H — > G — > G/H is, slightly more 
complicated because there are non-trivial differentials. We have 

dimEa = dimH'(G/iJ;Q) • dimH'(ff;Q) 

and 

dimEoc = dimH(G;Q) = 2'''^(^' = 2 • 2'^^"\ 



s,t 
2 



This shows already that the spectral sequence does not collapse. The terms E 
in the strip < s < ni are zero, because H''(G/i?;Q) = for these values of 
s. Therefore dk is trivial on Ej,'* for k < ni and this implies by 1.15 that dk is 
trivial for A: = 2, . . . , m — 1 on all terms of Ek- Recall that the following diagram 
commutes. 

U'iG/H-Q) H*(G;Q) 



U'{G/H; Q) ® 1 = E*'" ^ E^" c . H'(G; Q) 

Now we use the fact that the image of the cohomology oi G/H is generated by the 
primitive elements contained in it. A primitive element has odd degree. The possi- 
bly non-zero terms of odd degree in E^" are H"2(G/i/; Q) and H"i+"2(G/i/; Q). 
They cannot generate an element of degree ni, hence EJ^'° = 0. In the spectral 
sequence, the only possibly non-zero arrow which ends at E)!^' is 

J . TTiO.ni — 1 , TTini.O 

"m • * -"^m' • 

Thus this map is surjective. Pick an element wi £ H"i^^(iJ; Q) with d^ (1® wi) = 
a (8) 1. All primitive elements in H*(iJ; Q) of degree less than ni — 1 are mapped to 
zero. Therefore, wi is not a sum of products of primitive elements of lower degree, 
i.e. wi itself is a primitive element. Put 

where rk(_ff) = r. We claim that the elements 11:2, ■■ ■ ,Wr can be chosen in such a 
way that the following holds. 

(1) dn, (1 «) Wj) = for i = 2, . . . , r 

(2) The spectral sequence collapses at ni + 1, i.e. E„j+i = Eqo- 

For the second claim, it suffices to show that dimE„j+i < 2*"+^, since we know 
already that dimE„j4_i > dimEoo = 2^+^, and the equality dimE„j+i = dimEoo 
forces that d^ = for all fc > ni -1- 1. Since E„j+i is the cohomology of E„j, we 
have 

dimE„j+i = dimE„j — 2 dim(im((i„j)). 

So we need to show that dim(im((i„j )) > 2^ because then dim E„j+i < 4-2^ — 2-2'' = 
2r+i_ J3gfj]-^g a linear map (p by dm (1 ^ z) — 't'iz)- Then 

d„i (1 (g) wiz) = d„j (1 (g) wi)(l (g) 2:) - (1 (g) wi)d„j (1 (g z) 
= (a g) 1)(1 g) z) - (1 g) wi){a (g (f>{z)) 
= a (g (z — 



3.B. CERTAIN HOMOGENEOUS SPACES 25 

Now wi{z — wi(f)iz)) = wiz 0, provided that z e /\q{w2, ■ • • , Wr). Thus, is 

injective on the 2''^ ^-dimensional space l(^(wi /\q{w2, ■ • ■ , Wr)j ■ For u(^z G Ej^'* 
we have similarly 

dniiu (E" z) = dm (m <8i 1)(1 (g) z) — (u (g) l)d„^(l (g) z) 
= -{u (g) l)(a (g 0(z)) 
= — (ua) g) 

Therefore, dm is also injective on the 2''^ ^-dimensional subspace 

ug) (wi /\q{w2, ■ ■ ■ . 

The images of 1 g) (^wi /\^{w2, • ■ • , Wr)^ and u g) /\q{w2, ■ • ■ , Wr)^ have trivial 
intersection (because of the grading) , therefore the image of dn^ has dimension 

dim(im(d„J) = 2"-. 

We have proved claim (2). Moreover, we know the cohomology of the map G — ^ 
G/H, and we use this to prove claim (1). 

Lemma 3.9. The map H*(G';Q) < — li'{G/H;Q) is given by the diagram 
H'(G;Q) ^ H'{G/H;Q) 



where p*{u) = u and p*{a) = 0. □ 

We still have not yet determined the differential dm ■ We apply to the 
inclusion h : H C G. Recall that the following diagram commutes. 

H'(G;Q) U'{H;Q) 



Thus, we can identify the image of h' with Ej^* C Ej'*. We know that dimE[^* = 
2r-i_ Therefore dim(im(/i*) n Ph) = r — 1, and we can find primitive elements 
■W2, ■ ■ - Wr e Ph which generate im(/i*) = Ej^'. This implies that dm (1 g) Wi) = 
for 1 = 2,... , r. 

Lemma 3.10. There exist primitive elements wi,...Wr which generate 
H'(if;Q) such that 

rfni (1 <g 'fi'i) = a g) 1, and (1 = /or i = 2, . . . , r. 



□ 
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Consider the map Pq — > Ph- Its image has dimension (r — 1), thus its kernel 
has dimension 2. We may choose an (r — l)-dimensional subspace of Pq which 
maps isomorphically onto h*{Pc)- The image of u is contained in EJ^'° and thus 
in the kernel of h* . We choose one more primitive element v such that m, v span 



the kernel of Pq — > Ph- Note that deg(w) = 2ni - 1 by 2.4 



Theorem 3.11. Let X =^ G/H be a 1-connected homogeneous space of a com- 
pact connected Lie group G. Suppose that the rational cohomology of G/H is of the 
form 

ll'{G/H;Q) = Q[a]/ia^)®/\^iu), 

where deg{a) is even and deg(u) is odd, anddeg{a) < deg(M). T/ien rk(G)— rk(_ff ) = 
1, and the following diagram gives the induced maps in cohomology, 

U'{H;Q) ^ H'(G;Q) U'{G/H;Q) 



/\^{W1,... ,Wr) ^ /\^{W2,... ,Wr,U,v) — Q [fl] / (a^) ® /\^ (m) 

where p'{a) = 0, and h'{u) — — h'{v). Moreover, deg(z;) = 2deg(a) — 1. 

3.12. How TO USE THIS 

Let G/H be a homogeneous space as in the theorem above. Let 

(mf,... ,mf^i) 

denote the degrees of the homogeneous generators of the rational cohomology of G, 
and let 

denote the corresponding numbers for H . Then, after a suitable permutation of the 
indices, = for i = 1, . . . , s— 1, and = 2m^+l so {m^ , . . . , m^_i, 2m^+ 
1) has to be a subsequence of (mf , . . . , mf_^^). The homogeneous generators of the 
cohomology oi G/H then have degrees ni = + 1 and n2 = m-f+i- Here is an 
example: G = SU(5) and H = SU(3) x SU(2). 



^, 7,9) 



: (3,5,3) ^ (3,5, 


7 


) 


( 


4 


,9) 



We want to show that there exists a transitive normal semisimple subgroup of 
G with at most 2 almost simple factors. To prove this, we use the following result. 

Lemma 3.13 (Hsiang-Su, Onishchik). Let G/H be a homogeneous space of a 
compact connected Lie group G, and let N Q G be a closed connected normal 
subgroup. Let r] : H C G and v : N Q G be the inclusion maps. Let P^ and 
Pu denote the induced maps on the vector spaces of primitive elements. //ker(P^) 
injects into Pjv under P^, then N acts transitively on X. 
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Proof. Passing to a suitable compact covering, we may assume that G 
N X G/N. The maps N — > G — > G/N yield a short exact sequence 





and we obtain a diagram 



N 



Pg 



P, 



G/N 



0, 



im(P,, 




ker(P^) 



0. 



G/N 





The row and the column are exact, hence (fi is injective if and only if is injective. 
By our assumption is injective, hence the composite H c — ► G — > G/N induces 
an injection 

Ph ^ Pg/n- 

Therefore, the map H'(i7;(Q)) < — H'(G/iV;(Q)) is also an injection. We factor it 
through the image HN/N = H/H n N of H in G/N to obtain 

H' {H; Q) ^ H' {HN/N; Q) ^ H' {G/N; Q). 

In particular, the map on the right must be an injection. But HN/N C G/N; 
therefore, the map on the right is an isomorphism, and HN/N = G/N. Thus 
HN — G, and N acts transitively on G/H. □ 



A similar result is proved in Hsiang-Su [f47|] Prop. 1.4 and in Onishchik ||80| 
§17.1. 

Proposition 3.14. Let G/H be a homogeneous space whose cohomology is ei- 
ther of the form 

where deg(M), deg(w) > 3 are odd, or of the form 

Z[a]/{a^)®/\{u). 
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where deg(a) is even and deg(M) is odd, and deg(M) > deg(a) > 4. There exists 
a normal transitive semisimple subgroup N <Z G with at most two almost simple 
factors. 

Proof. Passing to a suitable covering, we may assume that G is a product of 
torus groups and simply connected almost simple groups, 

G = Gi X ••• X Gs. 

Then Pq ^ Pq^ ® • • • ® Pq, ■ The kernel of : Pq — > Ph is 2-dimensional. 
The inclusion G^ c — ^ Q induces the projection Pq — > Pd- There exist numbers 
i,j such that ker(P^) injects into Pd ® Pcj under the map induced from Gi x 
Gj c — G. Therefore, N = GiX Gj acts transitively on G/H by |3.13| . □ 



3.C. The integral classification 

We use the following terminology. The point space of the n-dimensional pro- 
jective geometry over the skew field F is denoted by 



for F = M, C, H. The point space of the projective Cayley plane is denoted by OP^. 
The Stiefel manifold of orthonormal fc-frames in F" is 

Vki¥-)^{{v,...,v,)e¥''-\{v.\v,) = S,,,}, 

where {x\y) = J2"=i^iyi^ F K,C,H,0 (for F = O we restrict fc to fc = 1,2 
since Vfc(0") is a singular algebraic variety and not a manifold for A; > 2). We 
define the oriented Grassmann manifolds as 

Gfc(R") = SO(n)/SO(fc) X SO(n-fc) and Gfc(C") = SU(n)/SU(A:) x SU(n- /fc). 

In Chapter 5 and 6 we prove the following main result. 

Theorem 3.15. Let X = G/H he a 1-connected homogeneous space of a com- 
pact connected Lie group G. Suppose that the action of G on X is irreducible, 
cp. IJ. 

(A) Assume that X has the same rational cohomology as a product of spheres 

X 

where n2 > ni > 3 and 712 is odd. Then (G, H) is one of the pairs which we discuss 
in chapters 5-6. 

(B) Suppose that X has the same integral cohomology as a product of spheres 

§"1 X , 

where n2 > ni > 3 and 712 is odd. There are the following possibilities (and no 
others). 



(Bl) If ni is odd, then (G,H) is one of the pairs in 5.t, 6.15, or 6.7. More 
precisely we have the following spaces. 



Stiefel manifolds 



SU(n)/SU(n-2) = t/2(C"), n>3 
Sp(n)/Sp(n-2) = F2(H"), n>2 
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Homogeneous sphere bundles 



Sp(n) X SU(3)/Sp(n - 1) • Sp(l) 
Sp(n) X Sp(2)/Sp(7i - 1) • Sp(l) 



Products of homogeneous spheres 



Ki/Hi X K2/H2 
where Ki/Hi and K2/ H2 is one of the spaces 

SO(2n)/SO(2n- 1) =§2"~i 
SU(n)/SU(n - 1) = §2«-i 
Sp(n)/Sp(n - 1) = S""'-! 
Spin(9)/Spin(7) =§15 
Spin(7)/G2 = 



Sporadic spaces 



E6/F4 
Spin(10)/Spin(7) 
Spin(9)/G2 = ^2(0^) 
Spin(8)/G2 = §^ X 
SU(6)/Sp(3) = SU(5)/Sp(2) 



(B2) //jT-i > 4 is even, then {G,H) is one of the pairs in 5.14, 6.2C, or 6.1. Thus, 
G/ H is one of the following spaces. 



Stiefel manifolds 



SO(2n)/SO(2n-2) = V2(K'"), n>3 



Homogeneous sphere bundles 



Sp(n) X Sp(2)/Sp(n - 1) • Sp(l) • Sp(l) 



Products of homogeneous spheres 



Ki/Hi X K2/H2 
where Ki /Hi is one of the spaces 

SO(2n+l)/SO(2n) = 
G2/SU(3) = 
and K2/H2 is one of the spaces 

SO(2n)/SO(2n - 1) = 
SU(n)/SU(n- 1) =§ 
Sp(n)/Sp(n — 1) 
Spin(9)/Spin(7) =§15 
Spin(7)/G2 = §^ 



;2«-l 
4n-l 
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Sporadic spaces 



Spin(10)/SU(5) = Spin(9)/SU(4) 
Spin(7)/SU(3) = FalM^) 
Sp(3)/Sp(l) X Sp(l) 

Sp(3)/Sp(l)x Va,(Sp(1)) 
SU(5)/SU(3) X SU(2) 

(see Chapter 4 for the definition of^psx^ : Sp(l) — s- Sp(3)j. 
(C) Suppose that G/H is an (m — \)-connected rational cohomology {2m + 1)- 
sphere, with iTm-iiG/ H) = Z/2, and that to > 3. Then m = 2n — 1 is odd, 
G/H = V2{M.^"^^) is a real Stiefel manifold, and G/H is one of the pairs 

S0(2n+ 1)/S0(2n- 1) = 1/2(K2"+1), n>2 

G2/SU(2) = V2{R'), 

cp. 



6.t. □ 
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It is interesting to picture the distribution of the possible values for (711,712). 
Of course, one has to disregard the products of homogeneous spheres, since for 
them every pair (711,712) is possible. The diagram below displays the numbers 
(711,712 — ^^i). The three horizontal infinite series are the Stiefel manifolds and the 
three vertical series are the homogeneous sphere bundles; they are marked as white 
circles. The sporadic cases are marked as black dots. A double circle <s) or double 
dot indicates that there are two irreducible group actions which yield the same 
numbers (rii, 772 — 7ii). 
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An immediate consequence is the following result. 



Corollary 3.16. Let X = G/H be a homogeneous space as in Theorem 3.1, 



(B). Assume that X is ^-connected, or equivalently, that ni > 9. Then X is either 
a product of homogeneous spheres, or X is a Stiefel manifold. □ 



Onishchik |8C] defines the rank of a homogeneous space G/H as 

rk{G/H) = dim(ker[F// < — Pa]). 

The homogeneous spaces G/H classified in Chapter 5 and 6 are therefore homoge- 
neous of rank 1 or 2. Onishchik's book | |80[ contains tables (on p. 265 and p. 270) of 
homogeneous spaces of rank 1 (on p. 265) and rank 2 (on p. 270), provided that G 
is almost simple (and for the case of rank 2, if iJ is also simple). Our classification 
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3. SOME HOMOGENEOUS SPACES 



shows that the table on p. 270 loc. cit. is incomplete; the spaces Spin(ll)/Spin(7) 
and Spin(10)/Spin(7) are missing, cp. 5.2 and 5.4. 



CHAPTER 4 



Representations of compact Lie groups 



In this chapter we collect the necessary facts about (finite dimensional) rep- 
resentations of compact semisimple Lie groups. First we describe the irreducible 
representations on real, complex and quaternionic vector spaces, and we explain 
how the problem of classifying certain subgroups of compact classical groups can 
be reduced to representation theory. 

The next section gives tables of the fundamental representations of all compact 
almost simple Lie groups, and also of all low-dimensional irreducible representa- 
tions. The last section introduces an algebraic invariant, the Dynkin index, of a 
homomorphism between almost simple compact Lie groups. 

I believe that these results and tables are of some independent interest for 
geometers. 



The representation theory is based on Tits 105|, |104|, and on the appendices 



in Onishchik-Vinberg |81|. The section about the Dynkin index is taken from 
Onishchik §o) p. 58 61. 

Throughout this chapter G is a compact semisimple Lie group. Such a group 
may be viewed as an algebraic semisimple M-group, and all results about rational 
representations of algebraic groups apply. 



4. A. The classification of irreducible representations 



The material in this section is taken from Tits |[104|1 and Tits |105 
particular 



105 



see m 



7.2 and 8.1. L 

Let D. E be central finite dimensional (skew) fields over R, i.e. D,E E {M, C, H}, 
with D C E. Let X be a finite dimensional i?-module. The ring of all £^-linear 
endomorphisms of X is denoted by 

EndE(X). 

The group of invertible endomorphisms is denoted by GLe{X) = EndE{X)^ . 

We may also view X as a /5-module by restriction of scalar s; this module is 
denoted by 

restf (X), 

and we put EndD(X) = EndD(restg(X)) for short. Clearly, End£;(X) C EndD(X). 
Conversely, if y is a Z?-module, then we can consider the i?-module 

ieTi&'i{Y)^Y ®dE 

obtained by extension of scalars. 

A continuous group homomorphism p : G — > G1je{X) is called an i5- repre- 
sentation of G on X; we call X a G-£'-module. A homomorphism between two 
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4. REPRESENTATIONS OF COMPACT LIE GROUPS 



G-£'-modules is a E-\inea.T map which is G-equivariant. In particular, we have the 
ring 

Endg(X) = CenEnd.(^)(p(G)) 

of all G-equi variant endomorphisms of X. We can apply the above functors rest and 
tens to G-E"- modules; then rest£(X) is a G--D-module, and if F is a G-D-module, 
then tens|^(F) is a G-E-modu\e. 

A non-zOTo G--B-module is called {E-) simple if it has no proper non-zero G- 
i^-submodule, and semisimple if it decomposes into a direct sum of simple G-E- 
modules. Since G is compact, every G-E-module is semisimple. 

If two G--B-modules are isomorphic, then the corresponding representations are 
called equivalent. Note that equivalence depends on the ground field E. Let G, G' 
be two compact semisimple Lie groups, with modules X,X'. If there exists 
an isomorphism / : G — > G' and an £'-linear isomorphism F : X — > X' such 
that f{g)F{x) = F{gx), then the modules are called quasi-isomorphic, and the 
representations of G and G' are called quasi- equivalent. 

We recall the following facts from complex rc'prc'scntation theory. Let A denote 
the weight lattice of G, and let A+ denote the set of dominant weights. The weight 
lattice is generated by fundamental weights Ai , . . . , , where k is the rank of G, 

k 

A = XiZ. 

i=l 

The dominant weights are the weights with non-negative coefficients, 

k 

A+ = 0AiNo. 

i=l 

4.1. Classification of simple G-C-modules 

To each dominant weight A £ A+ one can associate a C-module Xx and an irre- 
ducible representation p\ : G — > Endc(-'^A)- Conversely, every simple G-C- module 
is C-isomorphic to a unique module of this type. Thus, A+ corresponds bijectively 
to the isomorphism classes of irreducible G-C-modules. The representations 
corresponding to the fundamental weights are called the fundamental representa- 
tions. 

To classify the real and quaternionic G-modules one needs some additional 
structure. 

4.2. The action of the Galois group 

The Galois group T = Gal(C/M) acts on the collection of all G-C-modulcs as 
follows. If p : G — > Endc(Ar) is a representation, then p : G — > Endc(-'^) is given 
by applying complex conjugation to each entry of the matrix p{g) (with respect 
to some basis of X). There is a corresponding action of F on the semigroup A+, 
i.e. pX = Pa- This action is additive, hence it suffices to know Ai for i = 1, . . . ,k. 

Let A G A+, and let X = Xx be the corresponding simple G-C-module. A real 
structure on X is a conjugate-linear involution 6 e End^ {X), i.e. 

= l^e and e{xa) = e{x)a 
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for all X G X and a G C. If such a real structure exists, then = Fix(^, X\) is a 
real G-invariant subspace. Moreover, X = tens*(*X). We denote the representa- 
tion of G on ^X by 

^Px-.G^ EndM(*X). 
If no such real structure exists on X, then we put *X = restg(X) and 
«PA = restS(pA) : G EndM(*X). 

4.3. Classification of simple G-E-modules 

Every simple G-M-module Y is isomorphic to a module ^X obtained by the method 
described above. Moreover, if and are M-equivalent irreducible representa- 
tions, then p = a 01 p = a. Thus, the M-irreducible G-K-modules correspond 
bijectively to the orbit space A+/r. 

A quaternionic structure on a G-C- module X is a semilinear map 6 e Endg (X) 
with 

e'^ = -1 and e(xa) = e(x)a 

for all X € X and a G C. If such a quaternionic structure exists, then the ring 
generated over R by and x i — > xi is clearly isomorphic to H. We denote the 
corresponding G-H-module by ^X. Thus, X = rest^C^X), and 

^p:G^EndHrX) 

is defined by p = rest^C^p)- If no such quaternionic structure exists, then we put 

^X = tensC(X) and ^p = iens^{p). 

4.4. Classification of simple G-H-modules 

Every simple G-H-module W is isomorphic to a module "^Y obtained by the method 
described above. Moreover, if '^p and "^a are H-equivalcnt irreducible representa- 
tions, then p = a or p = a. Thus, the H-irreducible G-H-modules correspond 
bijectively to the orbit space A_|_/r. 

4.5. Existence of real and quaternionic structures 

Let A G A+. A real or quaternionic structure exists on Xx if and only if A € 
Fix(r, A_|_). There is a map 

/3:Fix(r,A+) — ^ Br(K) 

from the F-fixed dominant weights into the Brauer group Br(R) = {R, H} = Z/2 
such that Xx admits a real (resp. a quaternionic) structure if and only if /3(A) = M 
(rcsp. /3(A) = H). This map is additive in the sense that /3(A + fi) = (5{\)fi{p). 

For an arbitrary F-invariant dominant weight A = A, the value /3(A) can be 
determined as follows. Let A = X^njAj G Fix(r, A^) and put Q(A) = {i\ Xi = 
Xi, /3(A0 = H}. Then /3(A) = H if and only if Ezeg(A) = ^ 2). Thus, it 

suffices to know /3(Ai) for the F-invariant fundamental weights. 
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4.B. Subgroups of classical groups 

We are not really interested in homomorphism of G into the linear group 

GLd{X)^ but rather into certain compact subgroups of GLd{X). The Cartan 
decomposition of the groups GL„R, GL„C and GL„EI leads to the following result. 

Lemma 4.6. Let {G,K) denote one of the pairs (GL„R, 0(n)), (GL„C,U(n)), 
or (GL„H,Sp(n)). Let 

p,a:H — >K CG 
be homomorphisms which are conjugate by an element g & G, 

gp{h) = a{h)g 

for all h G H. Then there exists an element k G K such that 

kp{h) = a{h)k. 

Proof. We use the Cartan decomposition G = KP. Note that P is & K- 
invariant subset of G. We decompose g = kp with k G K, p G P. Then 

a{h)kp = kpp{h) = kp{h) p{h)^^pp{h) . 
eK eK eP 

It follows from the uniqueness of the Cartan decomposition that 

a{h)k = kp{h) and p = p{h)^^pp{h). 

□ 

This can be improved. 

Lemma 4.7. Let p,a : H — > SU(n) be homomorphisms. If p and a are conju- 
gate by an element u € U(7t,), then they are conjugate by an element in SU(n). 

Similarly, suppose that p,a : H — > SO(n) are homomorphisms which are 
conjugate by an element u G 0{n). If n is odd, then they are conjugate by an 
element of SO(n). 

Proof. We may multiply m by a number z such that 0" = det('u)~^. Then 
det(^;u) = 1. □ 

This has the following consequence. In order to determine all subgroups of a 

given type of a compact classical group G, up to automorphisms of G, it suffices to 
classify all representations of groups of this given type on the natural G-module. 
If G = SO(n) is an orthogonal group, then the same method gives all subgroups 
of a given type in the universal covering Spin(n) (by considering the connected 
component of the lifted subgroup). The only thing that one has to check in this case 
is whether two different subgroups of SO(n) become equivalent in Spin(n). This 
happens indeed: for example, all subgroups of type 63 in Spin(8) are equivalent 
under the automorphism group of Spin(8), although there are different (not quasi- 
isomorphic) representations of Spin(7) on R^. 
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4.C. Useful formulas 



The results in this chapter follow from the tables in Tits |104|, cp. also Onish 



chik-Vinberg |81| in particular p. 299-305, Salzmann et al. [85] p. 616-630. Bodi- 
Joswig contains an algorithm which determines all irreducible representations of 
a given simple group (up to a certain dimension). I frequently used the computer 
implementation of this algorithm by the authors. 

We use the following fact. Let A, /it € A+ be dominant weights of an almost 
simple compact Lie group. Suppose that 

/i = A + niAi + . . . + nfcAfc, 

with rii, . . . , nfc > 0, and that not all rii are zero. Then 

dmi{px) < dim(p^). 



Note also that 
and that 



dimR("^p) e {dimc(/9),2dimc(/9))} 



Aimm^p) E | ^ dime (p), dime (p) 



Suppose that G is simply connected. There exist homomorphisms : Cen(G') — > 
C* such that 

for all z E Cen(G). Thus, it suffices to know the for i = 1, . . . ,k to determine the 
kernel of a representation. Note also that kcr{p) ~ ker{^p) — ker(^p). We denote 
the fcth exterior power of a vector space X by 

A 

and the fcth symmetric power by 
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4.8. Fundamental weights for SU(2) 
The weight lattice has one generator, Ai, and Ai = Ai. The center is 

Cen(SU(2)) ^ {z\ = 1) ^ Z/2 
and 61(2;) = —1. Moreover, /3(Ai) = H, hence 

if yfc = (mod 2) 



The dimension of pkx^ is 



ifA:=l (mod 2). 
dim(pfeAi ) = fc + 1 



and thus 

'/c + l iffc = (mod 2) 



dim(«pfeAi) 
In fact 



2(fc + l) iffc = l (mod 2). 
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4.9. Fundamental weights for SU(n + 1) 
We label the Dynkin diagram as follows, for n > 2. 

12 3 n-1 n 
• • • • • 

The center of the universal covering is 

Cen(SU(n + 1)) ^ (z| z"+i = 1) Gs: Z/(n + 1), 
and ei{z) = z^. The dimensions of the fundamental representations are 



dim(pAi) = 




for i = 1, . . . , n. The natural module \s,R = = C^^^, and 

= /\ ^ ^fcAi = S''R Xai+a„ = Ad. 
The Galois group F acts as = A„+i_j for i = 1, . . . ,n. Moreover 
/3(A^) =Rforn + l = (mod 2). 

4.10. Low-dimensional simple SU(n + 1)-modules 
Let X be a simple SU(n + l)-C-module, with dim(X) < 4(n + 1), and let G C 
GL{X) denote the represented group. If n > 9, then (G, X) is quasi-isomorphic to 
(SU(n+ 1), C"+^). For 2 < n < 8, there are other low-dimensional simple modules. 



G 


weight 


X 


dim(X) 




dim(i^X) 


SU(n + 1) 


Ai or A„ 




n+ 1 




2{n+l) 


n>2 












SU(9) 


A2 or A7 




36 


A'c^ 


72 


SU(8)/(z4) 


A2 or Ae 




28 


A'cs 


56 


SU(7) 


A2 or A5 




21 




42 


PSU(7) 


Ai + Af, 




28 




56 


SU(6)/(z3) 


A2 or A4 




15 


A^ 


30 


SU(6)/(z2) 


A3 




20 


A^c^ 


40 


SV{6)/{z^) 


2Ai or 2A5 




21 




42 


SU(5) 


A2 or A3 


A^ 


10 


A^c^ 


20 


SU(5) 


2Ai or 2A3 




15 




30 


S0(6) 


A2 


c^* 


6 




6 


PSU(4) 


Ai -h A3 


S14C 


15 


5U4C 


15 


S0(6) 


2Ai or 2A3 




10 




20 


SU(3) 


2Ai or 2A2 




6 




12 


PSU(3) 


Ai + A2 




8 


SU3C 


8 


SU(3) 


3Ai or 3A2 




10 




20 



Proof. We have dim(pA2) = n{n + l)/2 > 4n -|- 4 for n > 9. Now dim(pAi) > 
dim(pA2) for i = 2, . . . ,n-2, and dim(p2Ai) = ("2^) > 4(n+l) for n > 7. Therefore 
dim(pA) > dim(pAi) for n > 9 and A ^ Ai, A„. □ 
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4.11. Fundamental weights for Spin(2n + 1) 
We label the Dynkin diagram as follows, for n > 3. 

12 3 n-l 
• • • •= 



The center of the universal covering is 

Cen(Spin(2n + 1)) = {z\ = I) ^ 1/2, 

6^(2;) = 1 for i = 1, . . . , n — 1, and en{z) = —1. The dimensions of the fundamental 
representations are 

dim(pAj = ( . 
for i = 1, . . . , n — 1, and 

dim(pAj = 2". 
The natural module is i? = X^^ = C2"+\ and 

Xx, = f\R (l<i<n-l) X2x„=f\R Xx,= /\^ R = Adifn>3, 

Ad = X2X2 foi' n = 2. The Galois group T acts as Aj = Aj for i = 1,... ,n. 

Moreover 

f3{Xi) =M for j = 1,... ,n- 1 

and 

'm for n = 0,3 (mod 4) 



/3(A„) 



for n = 1,2 (mod 4). 



4.12. LOW-DIMENSIONAL SIMPLE Spin(2n + l)-MODULES 

Let X be a simple Spin(2n + l)-C-module, with dim(X) < 4(2n + 1), and let 

G C GL{X) denote the represented group. If n > 6, then (G, X) is quasi-isomorphic 
to (S0(2n + 1), C^"+-^). For 2 < n < 5, we have additional simple modules. 

_G weight X dimjX) ^X dimC^X) 

S0(2n + 1) Ai 2nTl M^"+^ 2n + 1 

n > 2 

Spin(ll) A5 32 64 

Spin(9) A^ ®R C 16 16 

S0(9) A2 S09C 36 S09 36 

Spin(7) A^ 8 W 8 

S0(7) A2 507C 21 S07 21 

S0(7) 2Ai 27 27 

~Sp{2) ^ 4 1^ 8 

S0(5) 2A2 505C 10 505 10 

S0(5) 2Ai 14 14 

S0(5) A1+A2 16 32 

S0(5) 3Ai 20 40 

Proof. We have dim{p\2) — n{2n+ 1) > 4(2n+ 1) for n > 5, and dim{px.) > 
dim(pA2) for i = 1, . . . , n - 1. Moreover, 2"- > 4(2n + 1) for n > 6. □ 
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4.13. Fundamental weights for Sp(n) 
We label the Dynkin diagram as follows, for n > 3. 



12 3 n-l 
• • • »<= 



The center of the universal covering is 

Cen(Sp(n)) = (^1 = 1) 9^ Z/2, 
and ei{z) = (—1)*. The dimensions of the fundamental representations are 

dim(/9i) = 2n 

and 

, , /2n\ ( 2n\ ( 2n \ (2n + l)(2n - 2z + 2) 
dim(p..) = . j - = (,_2j (2;r^TTT)(2;^^TT2) 

for i = 2, . . . , n. The natural module is ii = Xx^ = C^" = H", and 

Xkx^ = S'^R = Ad. 

The Galois group T acts as Aj = Aj for i = 1 , . . . , n. Moreover 

'm for i = (mod 2) 
H for z = 1 (mod 2) 



/3(A,) 



4.14. Low-dimensional simple Sp(n)-MODULES 
Let X be a simple Sp(n)-C-module, with dim(X) < 4 • 2n, and let G C GL{X) de- 
note the represented group. If n > 5, then {G,X) is quasi-isomorphic to 
(Sp(n),EI"). For 2 < n < 4, we have additional simple modules. 

G weight X dim(X) ^X dimC^X) ^X dim^^X) 



Sp(n) 


Ai 


H" 2n 


H" 4n 


H" n 


n > 3 










PSp(4) 


A2 


27 


27 


27 


PSp(3) 


A2 


14 


14 


14 


Sp(3) 


As 


14 


28 


7 


PSp(3) 


2Ai 


speC 21 


sPs 21 


21 



Proof. Wc have dim(pA2) = {^2) ^ 1 > 8n for n > 5. An unpleasant calcula- 
tion shows that dim{px^) > dim(pA2) for /c = 3, . . . , n. □ 
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4.15. Fundamental weights for Spin(2n) 
We label the Dynkin diagram as follows, for n > 4. 




n-l 



The center of the universal covering is as follows. 
If n is odd, then 

Ccn(Spin(2n)) = (z\ ^ 1) 



Z/4, 



-1. 



ei(^) = (-1)* for « = 1, . . . , n - 2, and e„_i(z) = e„(z) 
If n is even, then 

Cen(Spin(2n)) = {z, z'\ = z''^ = 1, zz' = z'z) ^ Z/2 Z/2, 

ei{z) = ei{z') = {-ly for i = 1, . . . ,n - 2, and e„_i(^) = en{z') = 1, en-i{z') = 
en{z) = -1. 

The dimensions of the fundamental representations are 

dim(pAj = 



for i = 1, . . . , n — 2, and 

dim(pA„_ J = dim(pAj = 2"-^ 
The natural module is i? = Xx^ = C^", and 

Xx,=/\R (l<i<n-2) Xa, =/\'ii = Ad, 
-'^An-i+An = A"~^ R- The Galois group F acts as Aj = for i = 1, . . . , n — 2, and 

J A„ for n = 1 (mod 2) 



An- 



Moreover 



A„_i for n = (mod 2). 
/3(Ai) = R 



for i — 1, . . . , n — 2, and 

/3(A„_i)=/3(A„) = 



for n = (mod 4) 
for n = 2 (mod 4). 



4.16. Low- DIMENSIONAL SIMPLE Spin(2n)-MODULES 

Let X be a simple Spin(2n)-C-module, with dim{X) < 4 • 2n, and let G C 
GL(X) denote the represented group. If n > 7, then {G,X) is quasi-isomorphic to 
(S0(2n), C"). For n = 4, 5, 6 there are additional simple modules. 
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G 


weight 


X 


dim(X) 


dini(«X) 


S0(2n) 

n > 5 


Al 




2n R^" 


2n 


Spiii(;i2) 


A,-, or A(j 




1() E"' 


()4 


Spin(lO) 


A4 or A5 




16 C^^ 


32 


S0(8) 
PS0(8) 


Al, A3 or A4 
A2 


sogC 


8 IR» 
28 sos 


8 

28 



Proof. We have dim(p;^2) = (^^) > 8n for n > 5, and dim(p;^.) > dim{px2) 
for i = 3, . . . , n - 2. Moreover, 2"~^ > 8n for n>7. □ 
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4.17. Fundamental weights for Eg 
We label the Dynkin diagram as follows. 



The center of the universal covering is 

Cen(E6) = {z\ = 1)^ Z/3, 
and ei{z) = exp(27r\/^/3). The dimensions of the fundamental representations 



are 



dim(pAj = < 



The Galois group T acts as Aj 
Moreover, /^(As) = /^(Ae) = M. 



'27 


for i 


= 1,5 


351 


for i 


= 2,4 


' 2 925 


for i 


= 3 


J8 


for i 


= 6. 


= Ad. 






= A6_, 


for i = 


= 1,2, 



Aa, and Ak = Ak 



4.18. Low- DIMENSIONAL SIMPLE Ee-MODULES 

The Eg-modules of dimension at most 108 are the following. 

G weight X dim(X) *X dim(*X) 



Eg 
PEe 



Ai or A5 
Ae 



eeC 



27 
78 



54 
78 



□ 
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4.19. Fundamental weights for Ey 
We label the Dynkin diagram as follows. 



The center of the universal covering is 

Cen(E7) = (^1 ^2 = 1) s z/2, 

and ei(z) = esiz) = ej{z) = -1, 62(2) = 64(0) = 65(2:) = ee{z) = 1. The 
dimensions of the fundamental representations are 



dim(/9Aj 



The natural module is Xx^ , and X\g = Ad. 

The Galois group F acts as A, = Aj for i = 1, . . 



'56 


for i 


= 1 


1539 


for i 


= 2 


27664 


for i 


= 3 


365 750 


for i 


= 4 


8 645 


for i 


= 5 


133 


for i 


= 6 


.912 


for i 


= 7. 




/3(Ai 



4.20. Low-dimensional simple Et-modules 
The Eg-modules of dimension at most 224 arc the following. 

G weight X dim(a;) ^X dim(KX) 



E7 
PE7 



Ai 
Ae 



56 
133 



112 
133 



□ 
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4.21. Fundamental weights for Eg 
We label the Dynkin diagram as follows. 



The group is simply connected and simple. The dimensions of the fundamental 
representations are 



dim(pAi) 



The natural module is X\, = Ad. 



248 
30380 

2 450 240 
146 325 270 

6 899 079 264 
6 696 000 

3 875 
147250 



for i 
for i 
for i 
for i 
for i 
for i 
for i 
for i 



1 
2 
3 

4 
5 
6 
7 



The Galois group acts as Aj = Aj for i = 1,... ,8, and /?(A,) 



for 



1,. 



4.22. LOW-DIMENSIONAL SIMPLE Es-MODULES 

The Eg-modules of dimension at most 992 are the following. 

G weight X dim(X) dim(*X) 



Eg Ai 



egC 248 



eg 248 



□ 



4.C. USEFUL FORMULAS 



47 



4.23. Fundamental weights for F4 
We label the Dynkin diagram as follows. 



The group is simple and simply connected. The dimensions of the fundamental 
representations are 



26 
273 
1274 
52 



for i = 1 
for i = 2 
for i = 3 
for i = A. 



The natural module is Xx^ 
and (3{Xi) = M for i = 1, . . . 



and = Ad. The Galois group F acts as Aj = Aj, 
,4. 



4.24. Low-dimensional simple F4-MODULES 
The F4-modules of dimension at most 104 are the following. 

G weight X dim(X) ^^X dim("*X) 



F4 
F4 



Ai 
A4 



26 
52 



U 



26 
52 



□ 
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4. REPRESENTATIONS OF COMPACT LIE GROUPS 



4.25. Fundamental weights for G2 
We label the Dynkin diagram as follows. 

1 2 



The group is simple and simply connected. The dimensions of the fundamental 
representations are 

dim(pAi ) = 7 

and 

dim(/9A2) = 14. 

The natural module is X\^, and Xx^ = Ad. The Galois group acts as Aj = Aj for 
i = 1,2, and 

/?(Ai) = R 

for i = 1, 2. 

4.26. LOW-DIMENSIONAL SIMPLE G2-MODULES 

The G2-modules of dimension at most 28 are the following. 

G weight X dim(X) dimC^X) 
G2 Ai C"^ 7 W 7 

G2 A2 £|2C 14 02 14 

G2 2Ai 27 27 

□ 



4.D. THE DYNKIN INDEX 
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4.27. Certain subgroups of exceptional Lie groups 

Borel-De Siebenthal [13] determined the maximal connected subgroups of maxi- 
mal rank for all compact almost simple Lie groups. Dynkin |29| and Seitz ||89| 
determined the maximal connected subgroups of the exceptional complex almost 
simple Lie groups which have strictly smaller rank. The complexification is a func- 
torial equivalence between compact connected Lie groups and reductive algebraic 
C-groups. Therefore, the results of Dynkin and Seitz apply to compact almost 
simple Lie groups. We obtain in particular the following result: The two standard 
inclusions 

G2 C F4 and F4 C Ee 



are unique up to conjugation, cp. Seitz |89| Table 1, p. 193 



The reasoning here is as follows. Let and F4 denote the corresponding 



complex Lie groups. An inclusion G2 



F4 yields (via complexification) an 



inclusion Gj ' 

to the standard inclusion Gn 



F4 . By the result of Dynkin and Seitz, this inclusion is conjugate 



FJ by an element g G FJ. Since G^ 



cGf 



J2 " 4 uy ciii Ciciiiciiu y c 1- 4 . 

a maximal compact subgroup, we can assume that g transforms 0(G2) into s( G2) 
(all maximal compact subgroups in Gj are conjugate). Now write g = kp a.s in [4.6| , 
with k G F4. It follows by a similar argument as in |4.6| that 0(G2) and s(G2) are 
conjugate under fc G F4. 

The maximal connected subgroups of rank 2 in G2 are according to Borel-De 
Siebenthal JT^ the groups SO (4) (the stabilizer of the quaternion algebra H C O), 
and SU(3) (the elementwise stabilizer of C C O). According to Dynkin |29| and 
Seitz [89 1 the representation ^peXi lifts to a maximal connected subgroup of G2. 



The following table gives all subgroups H of type ai in G2 . 



3-dimensional connected subgroups of G2 



H 



P 



maximal subgroup 
containing H 



S0(3) 2.V2A1 SU(3) 

SU(2) KpA, SU(3) 

SU(2) S0(4) 

S0(3) «p6Ai 



4.D. The Dynkin index 

Let (j) : H — > G be a homomorphism between compact almost simple Lie 
groups. There is a corresponding homomorphism 

7r3(</)) : TT^{H) ^ ^3(G). 

Both groups are infinite cyclic, hence there exists a number j — G N such that 
the cokernel of 713(0) is cyclic of order j. This number is called the Dynkin index 
of (p. It is clear that the Dynkin index is multiplicative. 

Moreover, if p and a are representations, then 

Jp+cr ~ 3p ^ Jcr-: 
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4. REPRESENTATIONS OF COMPACT LIE GROUPS 



cp. Onishchik |80| Ch. 5, Thm. 2, §17.2, p. 257. The following diagrams show the 
Dynkin indices of various natural inclusions between compact almost simple Lie 
groups. The groups on the right are the stable limits of the classical groups. 
SO(3) <^ SO(5) ► SO(6) <^ S0(7) ► SO(8) ► SO 



SU(2) . SU(3) 

1 

Sp(l) 1 

Here, one can fill in the following subdiagram. 

S0(6) S0(7) - 



1 



SU(3) 



1 



SU(4) 



Sp(2) 



Spin(7) 



Finally, tensoring with C and H yields a diagram 
S0(3) S0(5) S0(6) 



S0(8) 



SU(4) 



SU 



Sp 



so 



SU(3) SU(4) SU(5) SU(6) 



Sp(3) 



Sp(4) 



Sp(5) 



Sp(6) 



SU 
2 
Sp 



1 ^ ' 1 ^ ' 1 ^ ' 1 
Besides this, we use the following result for representations of SU(2). The Dynkin 
index of pfcAi : SU(2) — > SU(fc + 1) is 



cp. Onishchik |80| p. 61 



CHAPTER 5 



The case when G is simple 



In this chapter we classify aU homogeneous spaces X = G/H with the following 
properties. 

(i) G/H is compact and 1-connected. 

(ii) G is effective, compact and almost simple. 

(iii) G/H has the same integral cohomology as a product S"^ x §"^, where 3 < 
rii < 71,2, and n2 is odd. 

There are two cases: either ni is odd, or ni is even. 

Case (I): ni is odd, HVG/iJ) = /\^{u,v), with deg(it) = ni and deg(w) — n2. In 
this situation Theorem p.?) applies. 

Case (II): fii is even, 'H.'{G/H) = Z[a]/(a^) (E) /\^{u), with deg(a) = ni and 
deg(it) =712. In this situation Theorem |3.11 applies. 



These two cases are considered in the next two sections. Each section ends 



with a complete list of all possible pairs {G,H), see 5.6, 5.14. 



5.A. Case (I): H*(X) ^ /\^{u,v) 



If ni is odd, then H'(X; Q) = /\^{u, v). By Theorem |37| rk(G) - rk(iJ) = 2. 

Moreover, <^ Vq — 0, and < — P^. is a surjection; thus, iJ is either 
trivial or almost simple. Let {mf , . . . , m^) denote the degrees of the homogeneous 
generators of G, and let {m^ , . . . , m^_2) denote the corresponding numbers for H. 
After a suitable permutation of the indices, mf = for i = 1, . . . , n — 2, cp. 3.8, 
We check the various possibilities. 

5.1. G OF TYPE a„ 

The homogeneous generators of the rational cohomology of SU(n + 1) have degrees 

(3,5,... ,2n+l). 

If n > 8, then the only type of simple group which fits in is a„_2; in low dimensions, 
we have also to consider the pairs (07,55), (05, ba), (05, C3), and (04, C2). 



(a„,an-2) Forn > 4, it follows from 4.10 that (G,i7) = (SU(n + l), SU(n-l)) 



Suppose that n = 3. Then H is of type ai. By |4^, the representations 
of SU(2) on are SU(2) (i.e. pxj, S0(3) (i.e. p2x,), 2px,, and psx,- Note 
that SU(4) ^ Spin(6); the subgroup 2 • pAi(SU(2)) C SU(4) contains the 
center, and SU(4)/2 • pAi(SU(2)) = SO(6)/SO(3) = V3{R^). 



(07,05) and (05,63) The group Spin(lO) has no non-trivial representation on 



C*; similarly, there is no non-trivial representation of Spin(7) on C^, cp. 4.12 
This shows that the pairs (07,05) and (05, bs) do not exist. 
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5. THE CASE WHEN G IS SIMPLE 



(asjCs) and (04,02) 



There is a (unique) representation of Sp(3) on — H^, 
the natural one, and two representations of Sp(2) on C^, arising from the 



inclusions S0(5) C SU(5) and Sp(2) C SU(4) C SU(5), cp.|4.12. 

We obtain the following list of groups and homogeneous spaces. The structure of 
TTa follows from the formula for the Dynkin index of the various representations of 
SU(2). 



G of type SU(n+ 1) 



G 



H 



G/H 



Remarks 



SU(n + 1) 
n > 3 


SU(n- 1) 


U(2) 


(2n- l,2n+ 1) 


T/2(C"+^) 




SU(6) 


Sp(3) 


1 


(5,9) 




(see below) 


SU(5) 


Sp(2) 


U(l) 


(5,9) 




(see below) 


SU(5) 


S0(5) 


1 


(5,9) 




^3 = Z/2 


SU(4) 


S0(3) 


U(l) 


(5,7) 




TTa = Z/4 


SU(4) 




1 


(5,7) 




TTg = Z/10 


S0(6) 


S0(3) 


S0(3) 


(5,7) 


^3(K') 


^3 = Z/2 


SU(3) 


1 


SU(3) 


(3,5) 


^2(C3) 





There is one coincidence in this table, arising from the inclusion SU(5) C SU(6): 

SU(5)/Sp(2) = SU(6)/Sp(3) 

5.2. G OF TYPE b„ 

The homogeneous generators of the rational cohomology of Spin(2n + 1) have de- 
grees 

(3,7,... ,4n-l). 

If n > 10, then the only types of simple groups which fit in are bn-2 and Cn-2- 
However, M?^^^ is not a non-trivial Sp(n — 2)-module for n > 5, so (b„,c„_2) is 
excluded in this range, and b2 = C2 anyway. In low dimensions, we have also to 
consider the pairs {bg.t'j), (b6,f4), and (b4,02)- 

{K,K-2) I If n > 6, then (G, H) ^ (S0(2n + 1), S0(2n - 3)), cp. |T2, 



The group Spin(7) has two non-trivial representations on 



pii 



sponding to the standard inclusion S0(7) C SO (9), and to the inclusion 



Spin(7) C S0(8), cp. 4.12 



Similarly, Spin(5) has two non-trivial representations on R , one arising 
from the inclusion S0(5) C S0(9), and one arising from Sp(2) C S0(8) C 
S0(9). 

The representations of SU(2) on are S0(3) (i.e. *p2Ai), SU(2) 
(i.e. "^pai), "pai +'^P2Ai, '^P4Ai, and "peAi- We denote the corresponding 
homomorphisms into Spin(7) by a tilde, 

Spin(7) 



SU(2) 



S0(7). 



5. A. CASE (I): H*(X) = f\^(u,v). 
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(69,67) and (b6,f4) 



The compact groups E7 and F4 do not have non-trivial 19- 



and 13-diinensional representations, respectively, cp. 4.24 and 4.20, thus the 
pairs {bg,zr) and (b6)f4) do not exist. 
(64,02) There is only one 8-dimensional representation of G2 on K.^, given by 



the action of G2 on the Cayley algebra O, cp. 4.26 



G of typo S0(2n 



G 


H 


CenG{H)° 


(711, ^2) 


X = G/H 


Remarks 


S0(2n + 1) 


SO(2n-3) 


SO(4) 


(4n - 5, 


Vi(R'^"+') 


Vr2n-3 = Z/2 


n > 3 






4n - 1) 






Spin(ll) 


Spin(7) 


Sp(l) 


(15, 19) 




vrg / 


Spin(9) 


Sp(2) 


Sp(l) 


(11,15) 




vrs / 


Spin(9) 


G2 


S0(2) 


(7, 15) 


1^2(0^) 




Spin(7) 


SU(2) 


SU(2) X S0(3) 


(7,11) 


T4i(K') 


TTS = Z/2 


Spin(7) 




1 


(7,11) 




713 = Z/3 


Spin(7) 


2^Ai 


SO(2) 


(7,11) 




713 = Z/4 


Spin(7) 


5S 


SO(2) 


(7,11) 




713 = Z/W 


Spin(7) 




1 


(7,11) 




1T3 = Z/28 


Sp(2) 


1 


Sp(2) 


(3,7) 


V2(]Hl2) 





The subgroup Spin(7) C SO (8) acts transitively on V3(M^), hence 

Spin(7)/SU(2) = SO(8)/SO(5). 
From the collapsing of the spectral sequence of 

=Spin(9)/Spin(7) — Spin(ll)/Spin(7) 



Spin(ll)/Spin(9)= y2(R") 

one sees that 

H*(Spin(ll)/Spin(7);Z/2) = /\^^^{xg,x,,) ® (Z/2)[xio]/(x?o) 

^H'(y4(M"); Z/2) = f\^^^{x7, xg) ® iZ/2)[xs,Xio]/ixlxl)- 
Similarly, the spectral sequence of 

V2(IR^) =Spin(7)/Sp(2) — - Spin(9)/Sp(2) 



Spin(9)/Spin(7)=§i5 

collapses, and 

H*(Spin(9)/Sp(2);Z/2) - /\^^^{x,,x,,) ® {Z/2)[x^]/ {xD 
^H-(y4(K9); Z/2) - f\^^^{x5,xr) « {Z/2)[xe,xs]/{xlxl). 
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5. THE CASE WHEN G IS SIMPLE 



5.3. G OF TYPE C„ 

The homogeneous generators of the rational cohomology of Sp(n) have degrees 

(3,7,... ,4n-l). 

If n > 10, then the only types of simple groups which fit in are b„_2 and c„_2- 
However, M" is not a non-trivial Spin(2ri — 3)-modulc for n > 5, cp. 4.12, so 
(c„, hn-2) is excluded in this range, and 62 — C2 anyway. In low dimensions, we 
have also to consider the pairs (09,67), (c6,f4), and (04,02)- 



(c„, c„_2) If n > 4, then (G, H) = Sp(n), Sp(n - 2)), cp. [1.14 . 

The group Sp(l) has several non-trivial representation on H'^, corre- 
sponding to the inclusions Sp(l) C Sp(3) (i.e. ^px^), SU(2) C Sp(2) C Sp(3) 
(i.e. 2- VJ, S0(3) C Sp(3) (i.e. VaJ, and 3- Vi, Va^, Va^ + Vi, 



VsAi, cp. 1.^ 



(c9,e7), (c6,f4), and (04,02) The compact groups E7, F4, and G2 do not have 
non-trivial representations on H^, H^, and H"^, r e spect i vely, thus the pairs 
(09,67), (c6,f4), and (c4,02) do not exist, cp. 4.2C, 4.24, 4.26. 



G of type Sp(n) 



G 


H 


CenG(i/)° 




G/H 


Remarks 


Sp(n) 


Sp(n - 2) 


Sp(2) 


(4n - 5,4n - 1) 


V2(H") 




n > 3 












Sp(3) 


S0(3) 


1 


(7,11) 




TTg = Z/8 


Sp(3) 


^ • PAi 


Sp(l) 


(7,11) 




TTg = Z/2 


Sp(3) 


■3 ■ PAi 


1 


(7,11) 




TTg = Z/3 


Sp(3) 


P3Ai 


Sp(l) 


(7,11) 




TTg = Z/10 


Sp(3) 


P3Ai + PAi 


1 


(7,11) 




TTg ^ Z/11 


Sp(3) 


P5Ai 


1 


(7,11) 




TTa = Z/35 


Sp(2) 


1 


Sp(2) 


(3,7) 


V2(H2) 





5.4. G OF TYPE On 

The homogeneous generators of the rational cohomology of Spin(2n) have degrees 

(3,7,... ,4n-5,2n-l). 

If n > 5, then the only types of simple groups which fit in are b„_2 and c„_2- 
However, R^" is not a non-trivial Sp(n — 2)-module for n > 4, cp. 4.14 , so (c)„, Cn-2) 
is excluded in this range, and b2 = C2. We have also to consider the pair (04,02)- 



(On, &n 



If 71 > 6, then (G, H) = (Spin(2n), Spin(2n - 3)), cp. |t|. 

The two representations of Spin(7) on M}^ yield two embeddings 
Spin(7) C Spin(lO). Similarly, the inclusions S0(5) C S0(8) and Sp(2) C 
S0(8) yield two inclusions, cp. 4.12| . The case of O3 = 03 was already con- 



sidered above. 



(^4,92) There is a unique representation of G2 on M , cp. 4.26. 



5. A. CASE (I): H*(X) = f\^(u,v). 
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G of type S0(2n) 



G 


H 


CenG(i?)° 


{ni,n2) 


G/H 


Remarks 


SO(27i) 


S0(2n- 3) 


S0(3) 


(2n-l,4n-5) 


y3(K^") 


7r2n-3 = ^/2 


n>3 












Spin(lO) 


Spin(7) 


S0(2) 


(9,15) 






Spin(8) 




1 


(7,7) 


§^ X §7 




SU(4) 


SU(2) 


U(2) 


(5,7) 






SU(4) 


S0(3) 


U(l) 


(5,7) 




TTa = Z/4 


SU(4) 


P3Ai 


1 


(5,7) 




TTa = Z/10 



The spectral sequence of the bundle 

=Spin(9)/Spin(7) Spin(10)/Spin(7) 



Spin(10)/Spin(9)= §^ 
collapses, and thus H'(Spin(10)/Spin(7)) = /\^{xq,xi5). In particular, 
H*(Spin(10)/Spin(7);Z/2) ^ H*(F3(R1''); Z/2) 

5.5. G EXCEPTIONAL 

Finally, we have the exceptional groups. Here, the only pairs are (e6,f4), (f4,02), 
and (02,0). 



(e6,f4) By 4.27 , there is a unique inclusion F4 C Eg; the resulting space is 



Riemannian symmetric. 



(f4,02) Again by 4.27, there is a unique inclusion G2 C F4. 



(fl2,0) 



G of exceptional type 



G H CenG(g)° (ni,n2) Remarks 
Ee F4 (9717) 
F4 G2 (15,23) 7r7==Z/3 

G2 1 (3,11) 2-torsion 

The Z/2-Lcray-Scrre spectral sequence of the bundle 

SU(2) ► G2 



G2/SU(2)= V2{R^) 

collapses, and thus 

H*(G2;Z/2) - /\ ® iZ/2)[xe]/{xl). 
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5. THE CASE WHEN G IS SIMPLE 



The inclusion G2 C F4 is analyzed in Borel 
there is a diagram 

H*(G2;Z/3) -> 



10 



It is proved in particular, that 
H*(F4;Z/3) 



A^i/g^^S'^ii) ^ Az/3(^3,a;7,a;ii,a;i5)® (Z/3)[a;8]/(a;|), 

cp. loc. cit. 19-23. Therefore the spectral sequence of the bundle 

G2 F4 



F4/G2 

collapses, and 

H*(F4/G2;Z/3) - {imx^yixD ® f\^^^{x^,x,,). 

We use this fact later. 

We have classified compact 1-connected homogeneous spaces whose rational 
cohomology is the same as a product of odd-dimensional spheres. However, the 
spaces that we are interested in have the same integral cohomology as a product of 
spheres. The following theorem is the main result of this section. 

Theorem 5.6. Let X — G / H be a 1-connected homogeneous space of an effec- 
tive almost simple compact Lie group G. If X has the same integral cohomology as 
a product of odd- dimensional spheres, 

n'{x) = f\^{u,vi 

deg(u) = rii > 3 odd, deg(w) = n2 > ni odd, then (G, H) is one of the following 
pairs. 



G 


H 




CenG(i/)° 


{ni,n2) 


G/H 


SU(n + l) 


SU(n- 


1) 


U(2) 


(2n- l,2n+l) 


F2(C"+^) 


n > 3 












Sp(n) 


Sp(71 — 


2) 


Sp(2) 


(4n - 5, 4n - 1) 


1^2 (H") 


n>i 












Ee 


F4 




1 


(9,17) 




Spin(lO) 


Spin(7) 




S0(2) 


(9,15) 




Spin(9) 


G2 




S0(2) 


(7,15) 


^2(0^) 


Spin(8) 


G2 




1 


(7,7) 


§7 X §7 


SU(6) 


Sp(3) 




1 


(5,9) 




SU(5) 


Sp(2) 




U(l) 


(5,9) 




SU(3) 


1 




SU(3) 


(3,5) 


F2(C3) 


Sp(2) 


1 




Sp(2) 


(3,7) 





All spaces in this list have distinct homotopy types, except for one coincidence: the 
subgroup SU(5) C SU(6) acts transitively on SU(6)/Sp(3), and thus 

SU(5)/Sp(2) = SU(6)/Sp(3). 



5.B. CASE (II): H*(X) = Z[a]/(a^) ® AzC™)- 
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Proof. This follows from the tables above. The space X has to be {ni — 1)- 
connected and torsion-free. □ 

5.B. Case (II): H*(X) = Z[a]/{a^) (E) /\^{w). 

Now we assume that G/H has the same cohomology as a product x S"^, 
where ni > 4 is even and n2 > ni is odd. Thus 

H-(X)-ZH/(a2)®/\^H, 

where deg(a) ~ rii and deg(u') — 112- If ni > 6, then there is an isomorphism 



Ph^Pg 



and therefore H is almost simple. 



Lemma 5.7. If ni = 4, then G is of classical type, with 3 < rk(G') < 5. The 
group H is semisimple with two almost simple factors of type ai,a2,b2, or Q2, 
respectively (we show below that a factor 02 is in fact not possible). 

Proof. The cokernel of Pfj < — Pq is 1-dimensional, and < — Vq = 
is an isomorphism. Thus H is semisimple with two almost simple factors Hi , H2 ■ 
Next, we note that rk(7r7(X)) e {1,2}. From the exact sequence 

— > 7T7{H) (g)Q — > Trr{G) (g)Q — > Trr{X) (g>Q — ^ 

we see that 

rk(7r7(G)) > 1. 



Moreover, rk(G') — rk(iJ) + 1 > 3. A glance at the table in 3.2 shows that G is of 
classical type. 

We want to show that rk(G) < 5. Assume otherwise. Then rk(7r7(G)) = 1 
(because G is of classical type), hence rk(7r7(if)) = 0. By the tabic in |3.2| , the 
groups Hi and H2 have to be of type ai, 02, 02, or ee, 67, es, f4. 

We exclude the four large exceptional groups as follows. Let f)i be one of 
these four exceptional Lie algebras, and let be any classical compact simple Lie 
algebra. If f)i C 0, then rk(0) > 2rk(f)i) + 1, cp. |4l^ , pC| , p^ , In our 



situation, rk(G) - rk(7J) = 1, hence 2rk(ffi) > rk(G) - 1 or 2rk(i?2) > rk(G) - 1. 
This is not possible for these four types of groups. Therefore rk(_ff) < 4 and thus 
3 < rk(G) < 5. □ 

A direct computation shows that numerically, the only possibilities are (03, ai © 
Qi), (fa3,ai®ai), (c3,ai®ai), (04,01002), (b4,ai®02), (c4,ai®02), (i)4,ai©b2), 
(04, ai ® 02), (05, 02 ® 02), and (Os, fl2 ® 02)- 

Lemma 5.8. The pairs (b4, Oi ® 02), (C4, Oi ® 02), (04, cti ® 52), (05, ct2 ® 02), 
and (05,02 ® 02) do not exist. 

Proof. There is only one non-trivial representation of G2 on R*^, fc < 14, the 



standard one on R*", cp. 4.26. Its centralizer in S0(9) is S0(2), and this excludes 
(b4, Oi ® 02) and (^4, Oi ® 02). Moreover, 02 is not contained in C4 and 05. Finally, 
the centralizer of G2 in SO(IO) is S0(3), and that excludes (05,02 ® 02)- □ 
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The following pairs remain in the case ni = 4. 



(o3,oi e ai) 
(04, ai ® 02) 
(63, ai ® ai) 
(c3,ai © ai) 
(04,ai ® ba) 



5.9. G OF TYPE a„ 



Here, H cannot be almost simple. The only possibilities are (03,01 ® Oi) and 

(04,01 e 02). 



(03,01 ® Oi) The only subgroup of type Oi in SU(4) with large centraHzer is 
the standard inclusion SU(2) C SU(4), cp |4.8| . Therefore, there is only 
the standard inclusion SU(2) x SU(2) C SU(4). Note that SU(4)/SU(2) x 
SU(2) ^ SO(6)/SO(4). 



(04, Oi ® 02) By 4.10| , we have the standard embedding SU(3) C SU(5), there- 
fore we obtain the standard inclusion SU(2) x SU(3) C SU(5) as the only 
possibility. 



G of type SU(n) 



G 



H 



GenG{H)° G/H (711,712) 



SU(5) SU(3) x SU(2) U(l) 
S0(6) S0(4) S0(2) 



G3(e) (4,9) 
V2iM.^) (4,5) 



5.10. G OF TYPE bn 

The only possibilities are (b„,t)„_i), for ti > 4, (b3,02), and (b3,ai Oi). 



(b„,fi„_i) If 71 > 5, then (6,7?) = (SO(27i+l),SO(27i-2)), cp. 4.16. For 



4 we have the inclusions SU(4) C S0(9) and S0(6) C S0(9). 



(b3,a2)| By[4.10|, {G,H) = (Spin(7), SU(3)). 

(b3,ai0ai) The subgroups of type Oi in S0(7) with large centrahzers are 



S0(3), with connected centralizer S0(4), and SU(2), with connected cen- 
tralizer S0(3) x SU(2), cp. U[ Hence we obtain subgroups S0(3) x S0(3) 
and SO (3) x SU(2) in the first case. From SU(2) we obtain in addition 
SU(2) • SU(2) = S0(4) and another copy of S0(4), obtained by mapping 
SU(2) diagonally into S0(3) x SU(2). This last group is the copy of S0(4) 
which is contained in G2 = S0(7) n Spin(7) C SO (8), and Spin(7)/SO(4) = 
Gsi 



5.B. CASE (II): H*(X) = Z[a]/(a^) ® h^{w). 
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G of type S0(2n + 1) 



G 



H 



CenajHy G/H (m.na) 



Remarks 



S0(2n + 1) SO(2n-2) S0(3) 
n > 3 



) (2n-2,4n-l) 



Spin(9) 

Spin(7) 

S0(7) 

S0(7) 

Spin(7) 



SU(4) 
SU(3) 

S0(3) X SO(3) 
S0(3) X SU(2) 
S0(4) 



U(l) 

U(l) 

1 

1 

1 



G3(R*) 



(6, 15) 

(6,7) 

(4,11) 

(4,11) 

(4,11) 



The Leray-Serre spectral sequence of the bundle 

§6 = Spin(7)/SU(4) Spin(9)/SU(4) 



Spin(9)/Spin(7) = S 



15 



collapses, and thus 



H*(Spin(9)/SU(4)) - n^,]/{xl) ® f\^{x,,). 

The group Spin(7) C SO (8) acts transitively on V2(IR^); thus 

Spin(7)/SU(3) = SO(8)/SO(6). 
Similarly, Spin(7) acts transitively on G'3(M^) and 

Spin(7)/SO(4) = SO(8)/SO(5) x S0(3). 



TTa = Z/2 
TTa = Z/2 
H2 = Z/2 



5.11. G OF TYPE C„ 

The only possibilities are (c„,J)„_i), for n>A, (03,02), and (c3,ai Oi). 



(Cn,£)„_i) There is no non-trivial representation of Spin(2n — 2) on H" for 
n > 5 by 4.16| . Therefore these pairs do not exist. There is only one non- 
trivial representation of SU(4) on H^, arising from the standard inclusion 
SU(4 ) C Sp(4), cp. |4l0| . 



(03,02) There is only one non-trivial representation of SU(3) on M'^, arising 
from the standard inclusion SU(3) C Sp(3), cp. 4.10| . 



(cs, ai © ai) The only representations of Sp(l) on H'' with large centralizers in 
Sp(3) are Sp(l), with connected ccntralizcr Sp(2), and ''psAi , with connected 



centralizer Sp(l), cp. |4.8| . Thus, the possible groups are Sp(l) x Sp(l) and 

Sp(l)xHp3A,(Sp(l)). 



G of type Sp(ri) 



G 



H 



CeTVc{H)° (ni,n2) Remarks 



Sp(4) SU(4) 1 (6,15) 

Sp(3) SU(3) 1 (6,7) 

Sp(3) Sp(l)xSp(l) Sp(l) (4,11) 

Sp(3) Sp(l) xiip3A,(Sp(l)) 1 (4,11) 



713 = z/2 
vr3 = Z/2 
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5. THE CASE WHEN G IS SIMPLE 



The Leray-Serre spectral sequence of the bundle 

S'^ = Sp(2)/Sp(l) X Sp(l) Sp(3)/Sp(l) X Sp(l) 



Sp(3)/Sp(2) = 

collapses, and thus 

H'(Sp(3)/Sp(l) X Sp(l)) - Z[x4]/(x2) ® /\^{xn). 

5.12. G OF TYPE D„ 

The only possibilities are (5„,0„_i), for n > 4, (05,04), and (04,ai 
I If n > 6, then (G, H 



(SO(2n),SO(2n 



we obtain SU(4) C S0(8) and S0(6) C S0(8), cp. ^AO 



2)), cp. yj For SU(4) 
Both inclusions 



become equal in Spin(8) under an automorphism of Spin(8); hence we have 
also only the pair (S0(8), S0(6)). 



(D5,a4) Then (G,i7) = (Spin(lO), SU(5)), cp. 4.10 



(04,ai®b2) The non-trivial representations of Sp(2) on are Sp(2) and 
SO (5), cp. |4.12| . Both inclusions become equal in Spin(8) under an auto- 
morphism, hence we have the pair (SO(8),SO(5) x S0(3)). 



G of type S0(2n) 



G 



H 



G/H Remarks 
(2n-2,2n-l) FaCM^") 



S0(2n) SO(2n-2) S0(2) 
n > 4 



Spin(lO) SU(5) U(l) (6,15) ^ (see below) 

S0(8) S0(5) X S0(3) 1 (4, 11) GslR^) ttj = Z/2 

The subgroup S0(9) C SO(IO) acts transitively on SO(10)/SU(5); consequently, 
Spin(9)/SU(4) = Spin(10)/SU(5). 

Similarly, 

Spin(7)/SU(3) = SO(8)/SO(6) = V2{M.^) 

and 

Spin(7)/SO(4) = SO(8)/SO(5) x S0(3) = GaiR^). 

5.13. G EXCEPTIONAL AND H ALMOST SIMPLE 

The only possibilities are (f4, bs) and (f4,C3). The maximal connected subgroups 
of maximal rank of F4_are Spin(9), SU(3) x SU(3)/{±1}, Sp(3) xSp(l)/{±l}, see 

According to Dynkin |29| and Seitz 



Borel-De Siebenthal 



13 



89 



, the maximal 



subgroups of strictly smaller rank are of type ai, Q2 or ai © 02; none of these has a 
subgroup of type ba or C3. 



(f4, ba) Then H C Spin(9). There are two conjugacy classes of groups of type 



Spin(7) in Spin(9); however, both groups are conjugate in F4, as one can see 
by inspecting their respective fixed point sets in the Cayley plane OP^. 



5.B. CASE (II): H*(X) = Z[a]/(a^) ® /\j,(to). 
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(f4,C3) Then H = Sp(3). There is one conjugacy class of subgroups of this 



type. 



G of type F4 



G H 



CenG(iJ)° {n,i,n2) Remarks 



F4 Spin(7) S0(2) (8,23) (see below) 

F4 Sp(3) Sp(l) (8,23) 7r5=Z/2 

The inclusion G2 C Spin(7) C F4 in Z/3-cohomology is according to Borel pO| 
given by the diagram 

H*(G2;Z/3) - — H*(Spin(7);Z/3) H*(F4;Z/3) 



Az;/3(^3'^ii) ^ Az/3(^3,a;7,a;ii) ^ /\^^^(a;3, 0:7, xn, X15) «) (Z/3)[a;8]/(a;^). 

Therefore the Z/3-Leray-Serre spectral sequence of the bundle 

Spin(7) F4 



F4/Spin(7) 

collapses, and 

H*(F4/Spin(7);Z/3) - /\^^^{xi5) ® {Z/3)[xs]/{xl). 

The following theorem summarizes the discussion of case (II). 

Theorem 5.14. Let X — G/H be a 1-connected homogeneous space of an ef- 
fective almost simple compact Lie group G. If X has the same integral cohomology 
as a product of an even- and an odd- dimensional sphere, 

H*{X)9iZ[a](» /\^{w), 

deg(a) — ni > A, deg(w) = n2 > ni, then {G,H) is one of the following pairs. 

_G H CcnG(g)° (ni,n2) G/H 

S0(2?i) S0(2n - 2) S0(2) (2n - 2, 2n - 1) y2(K^") 

71 > 3 



Spin(lO) 


SU(5) 




U(l) 


(6,15) 




Spin(9) 


SU(4) 




U(l) 


(6,15) 




Spin(7) 


SU(3) 




U(l) 


(6,7) 


F2(R8) 


Sp(3) 


Sp(l) X 


Sp(l) 


Sp(l) 


(4,11) 




Sp(3) 


Sp(l) X 


^P3A,(Sp(l)) 


Sp(l) 


(4,11) 




SU(5) 


SU(3) X 


SU(2) 


U(l) 


(4,9) 


G3(C5) 



There are two coincidences in this table; 



Spin(9)/SU(4) = Spin(10)/SU(5) 
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5. THE CASE WHEN G IS SIMPLE 



and 

Spiii(7)/SU(3) = SO(8)/SO(6) = F2(M^). 

Proof. This follows from the discussion of the various groups. All other spaces 
are either not (ni — l)-connected, or have torsion. □ 



CHAPTER 6 



The case when G is semisimple 



We continue the classification of homogeneous spaces X = G/H which have 
the same cohomology as a product of spheres. In this chapter we assume that G 



is semisimple with two almost simple factors (by 3.14, this is the remaining case). 
More precisely, our assumptions are as follows. 

(i) G/H is compact and 1-connected. 

(ii) G is a product of two compact almost simple Lie groups Ki, K2. 

(iii) the action of G on X irreducible and almost effective. 

(iv) G/H has the same integral cohomology as a product S"^ x S"^, where 3 < 
ni < n2, and n2 is odd. 

Note that H has to be connected. Put 

H, = {HnK,)°. 

Then Hi, H2 are normal subgroups in H, and thus there exists a compact connected 
normal subgroup Hq C H such that H is an almost direct product 

H=iHiX H2) ■ Hq. 

If i?o = 1, then 

G/H = Ki/Hi X K2/H2 

is split. We call this the split case. 

If i^o 7^ 1, then we consider again the two cases 
Case (I): rii is odd, H*(G/iJ) = /^^(u, u), with deg(M) = ni and deg(i;) = n2- In 
this situation Theorem |3.7| applies. 

Case (II): ni is even, H'(G/i7) = Z[a]/(a^) ® Az(^)' with deg(a) — rii and 
deg(u) = 712- In this situation Theorem |3.11 apphes. 



These three cases are considered in the next sections. Each section ends with 
a complete list of all possible pairs (G, H) . 



6. A. The split case 

Here, 

X = Ki/Hi X K2/H2 

is a product. From the Kiinneth theorem we see that Ki/Hi and K2/H2 have to 
be 1-connected cohomology spheres, say, of dimensions ni,n2. Thus we have to 
determine all pairs {K, H) with the following properties. 

(i) is a compact almost simple Lie group. 

(ii) K/H is a 1-connected cohomology m-sphere. 

(iii) the action of K on K/H is effective. 
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6. THE CASE WHEN G IS SEMISIMPLE 



If m is even, then K/H has Euler characteristic 2, and a weU-known resuh of 
Borel-De Siebenthal JT^ and Borel |^ says that K/H is actuaUy a sphere, and 
that {K, H) is one of the following pairs. 



Homogeneous spaces of Euler characteristic 2 



K 



H 



S0(2n+1) S0(2n) 
n > 1 



1 



m K/H 
2n 



SIJ(3) i 6 S^' 

We need a similar result for 1-connccted homogeneous spaces K/H with 



H'iK/H;Z) = Aiw), 



where deg(w) = m > 3 is odd. This has been obtained by various authors, cp. e.g. 
Bredon 



15 



Onishchik |80 Ch. 5 §18 Table 10. For the sake of completeness, we 



give a proof. The method is very similar to case (I) in the previous chapter. The 



group G has to be almost simple by a similar reasoning as in 3.14, and H has to 
be trivial or almost simpl e, b ecause of the isomorphism 
surjection Pfj < — P^, cp. 3.7 . 



^G 



and the 



6.1. K OF TYPE an 
The only possibilities are (o„,o„_i) and (03, 62). 



(a„,a„-i) If n > 3, then {K,H) = (SU(n + l),SU(n)) by yx|. For n = 2 



there is also the pair (SU(3), S0(3)). 



(as, bz) By yj, the only possibility is (S0(6), S0(5)). 



K of type SU(n + 1) 



K 



H 



CeiiKiHy 



SU(n + 1) 
n>2 



SV{n) U(l) 



2n + 1 



K/H 



Remarks 



S0(6) 
SU(3) 
SU(2) 



S0(5) 1 
S0(3) 1 
1 SU(2) 



TTg = Z/4 



6.2. K OF TYPE bn 

The only possibilities are (b„, b„_i) 



(b„, c„_i) and (b3,02) 



(bn, Cn-i) If n > 4, then there is no non-trivial representation of Sp(n — 1) on 

jU^2)i+i |-|y 4.14^ hence these pairs do not exist. 
(b„,b„_i) I If n > 5, then (K^H) ^ (S0(2n + l),S0(2n - 1)) by For 



n = 2,3,4, there are also the pairs (Spin(9), Spin(7)), (Spin(7), Sp(2)), 
(Sp(2),Sp(l)), and (Sp(2), ^psAi (Sp(l))). However, Spin(7) contains the 
center of Sp(2), and thus Spin(7)/Sp(2) = SO(7)/SO(5). 



(b3, 02) By g [K, H) = (Spin(7), G2). 



6. A. THE SPLIT CASE 
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K of type S0(2n+ 1) 



K 



H 



CenK{H)° m K/H 



Remarks 



SO(27i + l) S0(2n-1) S0(2) 4n - 1 ^2(1 

71 > 2 

Spin(9) Spin(7) 1 15 §^ 

Spin(7) G2 1 7 

Sp(2) Sp(l) Sp(l) 7 

Sp(2) Hp3Ai 1 7 



) ^2„-i = Z/2 



TTa = Z/10 



6.3. X OF TYPE C„ 

The only possibilities are (c„, c„_i), (c„, fa„-i) and (€3,02)- 



(Cn, bn-i) If n > 4, then there is no non-trivial representation of Spin(2n — 1) 
on H" by 4.12| , hence these pairs do not exist. 



(c„,c„._i) If n > 3, then {K,H) = (Sp(n), Sp(n- 1)) by^J. For n = 2, there 
are also the pairs (S0(5), S0(3)) and (Sp(2), ""paAi (Sp(l)). 



(c3,02) There is no non-trivial representation of G2 on by 4.26 



K of type Sp(rt) 



K 



H 



m 



Sp(n) Sp(n ^ 1) Sp(l) 
n>2 



An - 1 



K/H 



Remarks 



S0(5) S0(3) 

Sp(2) «P3A, 

Sp(l) 1 



S0(2) 7 
1 7 
Sp(l) 3 



1/2 (M") 7r3 = Z/2 
TTs = z/10 



6.4. K OF TYPE dn 

The only possibilities are (5„, b„_i) and c„_i). 

(£)„,b„_i) I If n > 5, then {K,H) = (S0(2n), S0(2n 



1)) by [4.12| . For 

n = 4, there are is also the pair (Spin(8), Spin(7)). However, the action 
of Spin(8) on Spin(8)/Spin(7) is not effective, and thus Spin(8)/Spin(7) = 
SO(8)/SO(7). 

If n > 4, then 



(5n, C„_i) 



p2n 



is not a non-trivial Sp(n — l)-module by 4.14, 



hence these pairs do not exist. 



K of type S0(2n) 



K 



H 



CeiiKiHY 



SO(27i) S0(2?i - 1) 1 
n>3 



2n-l 



K/H 

5?2n — 1 



6.5. K OF EXCEPTIONAL TYPE 

The only possibility is (52, cii). The subgroups of type oi in G2 were determined in 
1271 
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6. THE CASE WHEN G IS SEMISIMPLE 



K of exceptional type 



K H Cciig(iJ)° TO K/H Remarks 

G2 SU(2) SIJ(2) 11 V^i^') TTs = Z/2 

G2 2-Kp2Ai 1 11 773 = Z/4 

G2 V, +^P2Ai SU(2) 11 7r3 = Z/3 

G2 Vai 1 11 7r3 = Z/28 

Later we will need the Z/2-cohomology of G2/H, where H = SU(2). There are 
two such cmbcddings. In both cases, the map H3(SU(2)) — > H3(G2)) is multi- 
plication by an odd number (1 or 3, respectively). Thus we have an isomorphism 
H3(SU(2);Z/2) < — H3(G2;Z/2). It follows that the Z/2-Lerray-Serre spectral 
sequence of the bundle 

SU(2) ^ H G2 



G2/H 

collapses. For H = SU(2), the base is the Stiefel manifold 1^2 (R'^)- Thus 
H*(G2;Z/2) = Az/2(^3,a;5) ® iZ/2)[xe]/{xl). 

It follows that in both cases 

H-(G2/if;Z/2) - /\^^^{x,) ® {Z/2)[xe]/{xl). 

Theorem 6.6. Let K/H he a 1-connected homogeneous space of a compact 
connected simple Lie group K . Assume that the action of K is effective and ir- 
reducible. Assume that K/H has the same integral cohomology as an m-sphere, 
TO > 2. Then K/H is a (standard) sphere, and {K,H) is one of the following 
pairs. 





Homogeneous spheres 






K 


H 


CenK{H)° 


K/H 


S0(2n+ 1) 
n> 1 


S0(2n) 


1 




§2n 


G2 


SU(3) 


1 






SU(n + 1) 
n > 2 


SU(n) 


U(l) 




g2n+l 


Sp(n) 

n >2 


Sp(n - 1) 


Sp(l) 




g4n-l 


S0(2n) 

n > 3 


S0(2n- 1) 


1 




g2n-i 


Spin(9) 

Spin(7) 
SU(2) 


Spin(7) 

G2 

1 


1 

1 

SU(2) 




§7 
§3 



6.B. THE NON-SPLIT CASE (I): H*(X) = l\^(u,v). 
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Corollary 6.7. Let G/H he a 1-connected homogeneous space of a compact 

connected Lie group G. Assume that G = Ki x K2 is a product of two compact 
almost simple Lie groups. Assume moreover that the action is irreducible and split, 
i.e. that H = {Ki (1 H) x {K2 n H). If G/H has the same integral cohomology as 
a product of spheres x , where ui > 3 and n2 > ni is odd, then the factors 
Ki/Hi are spheres, and the possibilities of the pairs {Ki,Hi), (1^2,-^2) are given 
by the table above. □ 

We note also the following. 

Theorem 6.8. Let G/H be a 1-connected homogeneous space of a compact 

connected Lie group G. Assume that the action is effective and irreducible, and 
that G/H has the same rational cohomology as S^™""^, where m > 3. Assume that 
G/H is (to - 2)-connected, and that TTm-i{G/H) ^ Z/2. Then G/H ^ V2{W^) is 
a Stiefel manifold, and there are only the following possibilities. 

_G H CenG{H)° X = G/H 

S0(2n+1) S0(2n-1) S0(2) y2(K^"+') 

n > 2 

SU(2) U(T) V2W) 

The following will also be useful. 

Corollary 6.9. Let K/H be a 1-connected homogeneous space of a compact 
connected Lie group K. Assume that the action is effective and irreducible, and that 
K/H has the same rational cohomology as an odd- dimensional sphere where 
m> 2>. Assume in addition that Cen/f (i?) contains a subgroup of type Oi. Then 
{K, H) is one of the following pairs. 

K H 

Sp(n) Sp(n — 1) 

n > 2 

G2 SU(2) 

^2 PAi + P2A1 

Sp(l) 1 

6.B. The non-split case (I): H*(X) = Az(^*'^)- 

The setting is as described at the beginning of this chapter. Thus G = KiX K2 
and H = {Hi x H2) ■ Hq. We assume that ni is odd, and that Hq ^ 1. We first 
prove some general results. On the level of Lie algebras we have a direct sum of 
ideals f} = f)i [)2 © t)o. Let pr, denote the projection Q — h <3) h — > ^i- The 
restriction of pr^ to f)o 9 fli is a monomorphism, for i = 1,2. Since ()o and ()/ 
commute, [()o, f)i] = 0, the same is true for their images under pr^. It follows that 
on the group level the restriction of pr^ to Hq has finite kernel, and that prj(iJo) is 
centralized by Hi, 

pViiHo) C CeuK.iHi). 
Put ki = rk(ii'j) and hi = rk(ifj). Since prj([)o) ® f)i C ti, we have 

h - hi - Hq > 

for « = 1, 2. Note that prj(ifo) 7^ LCi, since otherwise the action would be reducible. 
In particular, 

ki,k2 > 2 
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6. THE CASE WHEN G IS SEMISIMPLE 



(otherwise pr, would be surjective). Note also that /lo > 1, because we assume that 
Ho^l. Thus 

2 = rk(G) - rk(F) 

= ki - hi + k2 ~ h2 - ho. 

If we subtract Hq, the result is still non-negative, hence 1 < ho < 2. From the exact 
sequences 

< — P}i< — P^< — and 0< — Pfj< — P^< — H^(G/iJ; Q) < — 

we see that H is semisimple with at most two almost simple factors. Therefore we 
may assume that H2 = 1 (and thus /i2 = 0). The equation 2 = ki — hi — ho + k2 
shows that 

k2 = 2 

and 

ki — hi + ho- 

Note also that Ph^ < — Pki is onto, because Ph < — Pg is onto. 

Lemma 6.10. // ho = 2, then H ~ Ho is of type ai + ai and Ki,K2 E 
{G2,Sp(2)}. If Ki = K2, then Ho is not conjugate to a subgroup contained in 
the diagonal. In particular, G 7^ Sp(2) x Sp(2). 

Proof. Since pr2(iJo) ^ K2 the group K2 has a semisimple subgroup of rank 
2. The only possibilities for (iir2, pr2(i/o)) arc thus 

(G2, S0(4)), (G2, SU(3)), (Sp(2), Sp(l) X Sp(l)). 

Note that Hi has to centralize pr]^(iJo), and that {Ki,Hi) is one of the pairs 
determined in |6.9| . This shows that Hi = 1. Since pr]^(iJo) 7^ Ki, we obtain the 
possibilities Sp(2) and G2 for Ki. 

If Ho is contained in the diagonal, then ■nz{G/Ho) = Z, and thus H*(G/if;Q) 
contains an element of degree 3, and thus the structure of the cohomology ring is 
not the right one (we need H'(G/iJ;Q) ^ f\^{PG/P^)). 

If Ho = SU(3), then Ki = K2 = G2. Thus Ho is conjugate to the copy of 
SU(3) which is contained in the diagonal. □ 



6.11. The case rk(i7o) = 2 

The following possibilities remain: (1) G = Sp(2) x G2, and Ho is contained in 
Sp(l) X Sp(l) X S0(4). All such groups which are not contained in one factor are 

fl 3\ 

conjugate. The map ^^{H) — > T^aiG) is given by the matrix K , and thus 
TTsiG/H) = Z/2. 

(2) G = G2 X G2 and Hq C S0(4) x S0(4) is a subgroup which is not contained 
in one factor. There are two such conjugacy classes, the diagonal subgroup and 
the anti-diagonal subgroup. In this case the map ■k^{H) — > t^3,{G) is given by the 
fl 3\ 

matrix I j , and thus 'n:j,{G/H) = Z/8. 



6.B. THE NON-SPLIT CASE (I): H*(X) = f\,(u,v). 69 



Ho of type oi + ai 



G {ni,n2) Remarks 

G2XSp(2) (7,11) TTg - Z/2 

G2XG2 (11,11) 7r3=Z/8 

Lemma 6.12. IfhQ = 1, then {Ki,Hi) is one of the pairs (c„,c„_i), n>2, or 
(02, ai). The group Hq is of type ai, and K2 is of type O2, C2, or 02. 

Proof. The group K2 has rank 2, hence K2 is one of the groups SU(3), Sp(2), 
G2, and Hq is of type ai. Moreover, ki — hi = 1, and Ph^ < — Pri is a surjection. 
Thus {Ki, Hi) is one of the pairs determined in The only possibihties are the 
pairs (c„, c„_i), n>2, and (02, Oi). □ 

Before we consider the various possibihties, we make some more general obser- 
vations. It will turn out that in all cases pr]^(iJo) — SU(2). Therefore we can write 
the elements of Hq as pairs {h, (j){h)), where 4> : SU(2) — > pr2(i/o) ^ K2 is some 
fixed non-trivial homomorphism. Consider the fibre bundle which arises from the 
inclusions 

H CKiX (f>{Ho) C G 

by taking quotients. Note that 

{Ki X (j>{Ho))/H - Ki/{Hi ■ ker(</.)) 

(because the two spaces have the same dimension) and 

GI{Ki X (t>{Ho)) = K2/HH0). 

Hence we obtain a fibre bundle 

Ki/{Hi ■ ker(0)) ► G/H 



K2/HH0), 

with structure group Ki x (j){Ho). 

6.13. ho — 1 AND Ki OF TYPE C„ 

Then Ki = Sp(n), Hi — Sp{n — 1), pr]^(i/o) = Sp(l), with the standard inclusion 
Sp(n — 1) X Sp(l) C Sp(n), and n > 2. Thus Hq = Sp(l), and the inclusion 
-f^o C Ki X K2 is given by h 1 — > {h, (j>{h)), where <j) : Sp(l) — > K2 is a non-trivial 
representation. 



K2 = SU(3) (1) If (j) = px, is the standard inclusion SU(2) C SU(3), then we 
obtain a fibre bundle 

g4„-l ^ (j^^ 
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6. THE CASE WHEN G IS SEMISIMPLE 



The structure group of this sphere bundle is Sp(n) x Sp(l) C S0(4n), hence 
it is given by a classifying map 

— > B(Sp(n) X Sp(l)) — > BS0(4n). 

Since 7r5(BSO(4n)) = 7r4(SO(4n)) ^ 774(80) = for n > 2, the map is 
homotopic to a constant map and the bundle is trivial, 

G/H ^ S^"-^ X §^ 

(2) For <j) = '^p2x, we obtain an Rp4"-i-bundlc over SU(3)/SO(3). Note 
that the higher homotopy groups of the fibre are the same as those of S**""^. 
This impl ies that waiG/H) ^ 7r3(SU(3)/SO(3)) = Z/4. 

2 = Sp(2) I For (I) : SU(2) — > Sp(2) we have the three possibilities (1) (j) = 

''pai , (2)0 = 2- ''pai and (3) (j) = ^P3\i ■ In all three cases the fibre of our 
bundle is hence n3{G/H) ^ 7r3(Sp(2)/(/)(Sp(l)) = Z/j^. 

In case (1), the base of the bundle is S'^. Similarly as above, 
7r7(BSO(4n)) ^ 7r6(SO(4n)) ^ 7r6(SO) = for n > 2, hence 

G/H = §*"-i X S\ 



Kn=G 



We have the three possibilities (1) (j) = ^p\^ , (2) ^ = *pAi + p2\i , 
(3) (/) = 2 • «/92Ai, and (4) (j) = '^pex,. The fibre of the bundle is S*""! in 
case (1) and (2), and RP"""! in case (3) and (4), hence tt3{G/H) ^ Z/j^. 



Ki of type Sp(n) 



K2 


<t> 


(ni,n2) 




G/H 


Remarks 


SU(3) 


P\i 


(5,4n - 


1) 






SU(3) 


P2A1 


(5,4n - 


1) 




773 = Z/4 


Sp(2) 




(7,4n - 


1) 


S'^ X S*"-^ 




S0(5) 




(7, 4n - 


1) 




773 = Z/2 


Sp(2) 




(7,4n - 


1) 




773 = 


G2 




(11, 4n 


-1) 




775 = Z/2 


G2 


*PAi + *P2Ai 


(11, 4n 


-1) 




773 = Z/3 


G2 


2 • "*P2Ai 


(11, 4n 


-1) 




773 = Z/4 


G2 


P6A1 


(11, 4n 


-1) 




773 = Z/28 



6.14. ho = I AND Ki OF TYPE Q2 

Then Hi C G2 is a subgroup of type ai with large centralizer. The only possibilities 
arc the two copies of SU(2) in SO (4) C G2. In particular, iJi ^ SU(2). For K2 we 
have the possibilities SU(3), Sp(2), and G2. We may write the map H = Hi-Hq — > 
G = isTi X G2 as a& I — > {■ip{a)Mb),4>ib)), where ipia)4>i{b) G SO (4) C G2 and 
(t> : SU(2) — > G. Thus = {^p2X^,^p2X^ +*PAi}- It follows that the map 

773 (if) — > 773(G) is represented by the matrix 

Note that J(i«p^^) = 1 and J(«/)2Ai+*pai) ~ "^^ denote equivalence of matrices 
over Z by ~z. 



6.B. THE NON-SPLIT CASE (I): H*(X) = Az(«,i')- 
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K2 = SU(3) Then we have the two possibiUties (j) = , p2Ai • We obtain the 



matrices 



1 3 
1 



I 1) ^'^^ (0 1 



1 
3 



1 3 
4 



1 
12 



ii'2 = Sp(2) The three possibUities for are "pAi,2 • "pAi, P3Ai- Thus we 



have the matrices 



1 3 
1 



1 
3 



('A = "paJ 



1 3 
2 



S 2) (0 2 



1 
6 



1 3 
10 



10) ^'''^ (0 10 



1 
30 



(0 = VaJ 



K2 = G2 In this case we have the possibihties (j> = ^pxi , ^Pxi + *P2Ai ) 2 



*P2Ai , *P6Ai • Accordingly, the matrices are as follows. 



1 3 
1 



1 
1 



and 



3 1 
1 



1 
3 



1 3 
3 



3) ^^'^ (0 3 



1 
9 



(^ = V.+V2aJ 



1 3 
4 



1 
4 



and 



3 1 
4 



1 
12 



^- PaJ 



1 3 
28 



1 
28 



and 



3 1 
28 



1 
84 



(0 = VeAi) 
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6. THE CASE WHEN G IS SEMISIMPLE 



Ki of type G2 



K2 






(«l,"-2) 


Remarks 


SU(3) 




'P2Ai,PAi) 


(5,11) 


TTg = Z/2 


SU(3) 


(Vi +*/02Ai, 


^P\i,P\i) 


(5,11) 


773 = Z/4 


SU(3) 


(, P\i, P\i + 


'P2Ai,2pAi) 


(5,11) 


773 = Z/3 


SU(3) 


(Vi +"P2A1, 


^PAi,2pAi) 


(5,11) 


773 = Z/12 



Sp(2) 
Sp(2) 
Sp(2) 
Sp(3) 
Sp(2) 
Sp(3) 



( PAi, 
(^PAi - 
C^PAi , ' 

( PAi - 

/R „ I 
I PAi, 

{ P\i - 



'PAi + 

R „ 

; P2A1 

'PAi + 

R _ 

; P2A1 

'P\i + 

R „ 
- P2A1 



P2A1, PXi) 
Vi, Vi) 
V2A,,2- Vx) 

/32Ai , P3Xi ) 

R „ H „ ^ 



(7.11) 
(7,11) 
(7,11) 
(7.11) 
(7,11) 
(7,11) 



775 = Z/2 

773 = Z/3 

775 = Z/2 

773 = Z/6 

775 = Z/10 

773 = Z/30 



G2 (V.,V.+>2A„VaJ (11,11) 

G2 (V, +V2A.,V.,VJ (11,11) 

G2 (Vi,Vi+Va,,Vx+VaJ (11,11) 

G2 (Vi +V2A1, Vi, Vi +%Ai) (11,11) 

G2 (Vi,Vi +V2A,,2-V2aJ (11.11) 

G2 (V, +"p2A,,Vi,2-«P2aJ (11,11) 

G2 (Vai, Vai +*P2Ai, VeAi) (11,11) 

G2 (V,+V2A„V„VaJ (11,11) 



775 = z/2 ©z/2 
773 = z/3 
773 = z/3 
773 = Z/9 
773 = Z/4 
773 = Z/12 
773 = Z/28 
773 = Z/84 



Theorem 6.15. Let G/H he a 1-connected homogeneous space of a compact 
connected Lie group G. Assume that 

n-{G/H) = f\^{u,v) 

is an exterior algebra on two generators of odd degrees deg(M) — ni,deg(w) = n2, 
with ni,n2 > 3. Assume moreover that the action is irreducible, and not split, and 
that G is not almost simple. Then (G, H) is one of the following pairs. 

G semisimple 



G = KixK2 H = Hi-Ho CenajHy G/H 
Sp(n) X SU(3) Sp(n - 1) • Sp(l) U(l) S'^"-^ x §^ 

n > 2 

Sp(n) X Sp(2) Sp(n - 1) • Sp(l) Sp(l) S*""^ x 

n > 2 

In both series, the group Hq is the image of Sp(l) in Ceno{Hi)° = Sp(l) x K2 
under the diagonal embedding h 1 — > {h, h) . □ 

6.C. The non-split case (II): H*(X) = Zla]/ [a^) ® f\j^{w). 
We use the same conventions as in the last section. This time, we have 

1 = rk(G) - rk(ir) 

= ki-hi+k2-h2-ho 
< ki — hi — ho 
< ^2 - /l2 - ho, 
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whence hg — 1. Thus, Hq is either a 1-torus, or of type ai, and ki — hi — ho — for 
i = 1,2. 

Lemma 6.16. If ni = A, Hq is of type ai, and {Ki,Hi) is one of the pairs in 



6_^. Moreover, (if2,i?2) = (Sp(2), Sp(l)). 

Proof. From the exact sequence 

712 (G/iJ) -^7ri(G) 
^ . ■' 



we see that H is semisimple. Moreover, 

^4(G) MG/H) ^ 7T3{H) ^3(G) nsiG/H) 

finite Z 

imphes that rk(7r3(i/)) = rk(7r3(G)) + 1 = 3. Thus, H is semisimple with three 
ahnost simple factors. One of them has to be Hq, hence Hq is of type ai. 

Thus, P^. < — P^. is a surjection in all degrees fc > 5 (and in fact also in 
degree 3, since the map induced on tt^ is not trivial); thus, (i^i. Hi) and (X2, H2) are 



among the pairs determined in |6.9| . Moreover, rk(7r7(G/ff)) S {l,2},cp. 3.11, hence 
rk(7r7(G)) - rk(7r7(ff)) = rk(7r7(G/iJ)) > 1. We may assume that rk(7r7(ii:2)) - 
rk(^7(i?2)) > 1. Thus {K2,H2) = (Sp(2), Sp(l)). □ 

Lemma 6.17. The case ni > 6 is not possible. 

Proof. In this case 

rk(7r,(H)) = rk(^,(G)) = 2 for z = 1,2,3, 

hence H is semisimple with two almost simple factors. We may assume that H2 = 1. 
Note that ho = 1, hence ^2 = 1. Therefore K2 is of type ai. But then pr2(-ffo) = K2, 
a contradiction to the irreducibility of the action. □ 

We classify the remaining possibilities. 
6.18. Ki = Sp(n), 71 > 2 
Recall that there is a fibre bundle 

S4"-i = Sp(n)/Sp(n - 1) G/H 



Sp(2)/Sp(l) X Sp(l) = 
In fact, this bundle is the Whitney sum of n copies of the quaternionic Hopf bundle 
overS-i^Hpi. 



6.19. Ki = G2 
There is a similar fibre bundle 

G2/-ffl 



G/H 



Sp(2)/Sp(l) X Sp(l) =§4. 
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6. THE CASE WHEN G IS SEMISIMPLE 



By 3.5, the fibre has the same Z/2-cohomology as the Stiefel manifold V2(K^). 
Therefore the Z/2-Leray Serre spectral sequence of the bundle collapses, and thus 

H-(G/i/; Z/2) - /\^^^{x5,x,) ® {Z/2)[x,, xe]/{xl xl). 

Theorem 6.20. Let G/H be a compact 1-connected homogeneous space of a 
compact connected Lie group G. Assume that G/H has the same integral cohomol- 
ogy as x S"^, for ni > 4 even and n2 > ni odd. If the action of G is irreducible 
and not split, and if G is not simple, then ni = A and (G, H) is one of the following 
pairs. 



G semisimple 



G = Gi X Gz H={HiX H2) ■ Ho CenG(g)° (ni,n2) G/H 

Sp(n)xSp(2) (Sp(n-l)xSp(l))-Sp(l) 1 (4, 4n - 1) S{nm) 

n>2 

The group Hq is the image o/Sp(l) in CendHi x i?2)° = Sp(l) x Sp(l) under the 
diagonal embedding h 1 — > {h,h). The space G/H is the sphere bundle S{nr]M_) of 
the Whitney sum n?7H of n copies of the quaternionic Hopf bundle 770 over □ 



CHAPTER 7 



Homogeneous compact quadrangles 



The principal aim of topological geometry is to classify reasonable geometries 
in terms of their automorphism groups. 'Reasonable' geometries are linear spaces 
(e.g. projective, afhne or hyperbolic geometries, or, more generally, stable planes), 
circle geometries (Laguerre or Mobius geometries) and finally Tits buildings, to us 
the most important class of geometries. 

The fundamental theorem of projective geometry asserts that a projective space 
of rank at least 3 (i.e. a projective space which is not a projective plane) is coordi- 
natized by a field or skew field. The key step in the proof is to show that such a 
projective space satisfies the Desargues condition. There is a similar result due to 
Tits [106] for spherical buildings. An irreducible spherical building of rank at least 
3 satisfies the so-called Moufang condition; furthermore, all irred ucible spherical 
Moufang buildings of rank at least 2 were determined by Tits 



108 



1061 and Tits- Weiss 



Moufang buildings are rather important in many branches of mathematics. Just 
to mention a few examples, differential geometers use them in the proof of the rigid- 
ity theorems of Mostow [75], Gromov Kleiner-Leeb ]50] and L ccb ]|65[ , and in 



the classification of isoparametric submanifolds, see Thorbergsson ]101]; they play 



a role in connection with S'-arithmetic groups and group cohoniology, see Rohlfs- 
Springer ]83] and Abramenko ]H, and in model theory in connection with simple 
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superstable groups, see Borovik-Nesin 114] and Kramer- Tent- Van Maldeghem 

In Tits' classification, the assumption that the building has rank at least 3 
cannot be dropped; there exist uncountably many 'wild' buildings of rank 2, even 
with large automorphism groups, see Tits ]107] and Tent ]99 . Thus it is desirable 



to have a criterion which ensures that an infinite building of rank 2 is Moufang. 
Indeed, such a criterion exists in the topological category. 

Theorem A A compact connected irreducible spherical building of rank at least 2 
with a flag transitive automorphism group is Moufang. 

This is proved in a series of papers by Grundhofer-Knarr-Kramer |38| 



39 
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Note that it suffices to consider spherical buildings of rank 2 to prove the theorem. 
No similar classification is presently known for finite or zero-dimensional (totally 
disconnected) spherical buildings of rank 2. (The finite Moufang buildings are 
closely related to finite simple groups; totally disconnected buildings appear rather 
naturally in connection with valuations and algebraic groups over local fields.) In 
the course of the proof, the closed connected fiag transitive groups are also explicitly 
determined. It turns out that such a group G is either the little projective group of 
the building (the group generated by the root groups) or a certain compact subgroup 
of the little projective group. The compact connected flag transitive groups were 
determined by Eschenburg-Heintze ]31]; all closed connected fiag transitive groups 



are determined in Grundhofer-Knarr-Kramer 



38 



39 



75 
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7. HOMOGENEOUS COMPACT QUADRANGLES 



In this chapter we extend Theorem A to compact connected buildings with a 
less transitive automorphism group, that is, an automorphism group which is only 
transitive on vertices of a certain type. By Tits' results about buildings of higher 
rank, we have only to consider buildings of rank 2. Spherical buildings of rank 
two are commonly called generalized polygons. In building terminology, they are 
certain 1-dimensional numbered simplicial complexes, i.e. bipartite graphs: there 
are precisely two types of vertices in such a building which we call points and lines. 
The axioms of a building are symmetric in the sense that we might as well call the 
lines points and the points lines. Thus, there is no loss in generality if one studies 
either point or line transitive actions. The main result of this chapter can be stated 
as follows. 

Theorem B A compact connected building of type C2 with a point transitiv e au - 



tomo rphism group is Moufang, provided that the point space is 9-connected ( \7. Sdj , 



\7M 



It is known that there exist line homogeneous compact connected generalized 
quadrangles with a 6-connected line space which are not Moufang, see Kramer 



55 1; in particular, point or line transitivity does not imply the Moufang property 
in general. This indicates already that the problem is more difficult than the flag 
transitive case considered in Grundhofer-Knarr-Kramer 



39 



A result of Knarr [ 51 1 and the author |54| says that a finite dimensional com- 
pact connected polygon is a building of type A2, C2 or G2, i.e. a projective plane, a 
generalized quadrangle (which is the same as a polar space of rank 2) or a general- 
ized hexagon. A point transitive automorphism group implies that the topological 
dimension is finite, so this result can be applied. The three types of buildings then 
have to be considered separately. The ^2-case was done by Lowen and Salzmann 



about 20 years ago |84 
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Theorem C A compact connected projective plane or generalized hexagon with a 



point transitive automorphism group is Moufang, see Salzmann |84|, Lowen 



Salzmann et al. [85| 63.8, and Kramer [54\ Ch. 5. A compact connected generalized 



quadrangle with a point transitive automorphism group is Moufang, provided that 



the point and line space have the same dimension, see Kramer \ 54 ] Ch. 5. 

Combining Theorems A, B and C, we obtain the following result. 

Theorem D Let A he an irreducible spherical compact connected building of rank 
at least 2. Assume that the automorphism group of A acts transitively on one type 
of vertices. If the building is of type C2, assume in addition that either (a) the 
vertex set in question is 9-connected, or (b) the two vertex sets of the building have 
the same dimension, or (c) that the action is chamber transitive. Then A is the 
Moufang building associated to a non-compact real simple Lie group. 

Before I comment on the proof of Theorem B, I would like to mention some 
recent developments. Biller studied in his Ph.D. thesis @ (not necessarily transi- 
tive) compact group actions on compact generalized quadrangles. In particular, he 
characterized the hermitian quadrangles over the quaternions in terms of the size of 
their automorphism groups. His work contains many new results and will certainly 
be an important source for further research in this direction. We use some of his 



results in Section 4 of this chapter; my original proof of Theorem 7.31 (as given 



in 1 56 Section 7.D) is incorrect, and the new proof given here relies on Biller's 



ideas. Recently, Bletz and Wolfrom started to investigate point transitive actions 



7. A. GENERALIZED QUADRANGLES AND GROUP ACTIONS 
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on compact connected (mi, m2)-quadrangles, with mi — 1,2. Finally, ImmervoU 
48 1 proved that all isoparametric hypersurfaces with four distinct principal curva- 
tures are generalized quadrangles (cp. Chapter 8). This has been a difficult open 
problem for quite some time. His proof is a clever combination of transversality ar- 
guments and the algebraic machinery developed by Dorfmeister-Neher in the early 
80s. 

Some remarks on the proof of Theorem B. In order to prove Theorem B, one 
has to consider generalized quadrangles whose point and line spaces have different 
dimensions. The cohomology ring of the point space of such a quadrangle is known 
(Kramer | ]5^ , Straufi [92]), and it turns out that it looks in most cases like the 
cohomology of a product of spheres. Hence we can apply our classification of 
homogeneous spaces. 



Not every homogeneous space in our list 3.15 corresponds to a co mpact quad- 
rangle. The point stabilizer cannot have large normal subgroups, cp. 7.21 below. 
This excludes for example the compact symmetric space Ee/F4. 

Besides the Stiefel manifold V2(F"), F = M, C, H we have to consider certain ho- 
mogeneous sphere bundles over spheres, and also products of homogeneous spheres. 

For the Stiefel manifolds we show the following: if the dimension of the corre- 
sponding vector space F" is at least 5 (at least 4 for F = H ) , then there is a unique 
quadrangle compatible with the transitive group action which 'lives' on the Stiefel 
manifold. 

A similar result is proved for one of the three series of homogeneous sphere 
bundles. As mentioned before, this proof relics on Billcr's thesis |Q. 

For the products of homogeneous spheres we show that one of the two factors 
has to be S'^ with the regular Sp(l)-action, and we obtain some restrictions on the 
other factor. The examples of Ferus-Karcher-Miinzner |34| show that there is at 
least one family of non-Moufang quadrangles which 'lives' on such homogeneous 
products of spheres, see Example B.13 in Chapter 8. 



The relevant results about topological generalized quadrangles can be found in 

Grundhofer-Lowen 



Grundhofer-Knarr |37], Grundhofer-Van Maldeghem |42 
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Grundhofer-Knarr-Kramer [B8| |39|, Knarr |51], Kramer- Van Maldeghem |59| and 
Kramer |57| J58[, Schroth | |88| ], and in particular in Kramer [54|; Van Maldeghem's 
monograph |110(] is the authoritative source for geometric properties of generalized 



polygons; Chapter 9 in his book summarizes many results about topological poly- 
gons. 



7. A. Generalized quadrangles and group actions 

A point-line geometry is a triple 

& = {V,C,T) 

consisting of a set V of points, a set C of lines and a set T QV y. C oi flags. If a 
pair (p, t) T is a. flag, then p and I are called incident; one also says that the line 
£ passes through the point p, or that p lies on t. (One can turn © into a bipartite 
graph {V,E) with vertex set V = V \J C and edge set E = {{pj}\ (pj) G ^)}; 
this is the building point of view.) A k-chain joining xq, Xk V U C is a sequence 
{xq,... ,Xk) E {V U C)'''^^ with the property that Xi is incident with Xi^i for 
I < i < k. The distance of xq and Xk is 

d{xo,Xk) = k 
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7. HOMOGENEOUS COMPACT QUADRANGLES 



if there is a /c-chain joining xq and Xk, but no j-chain joining xq and Xk for j < k. 
Put 

Dk{x) = {yeVyjC\ d{x,y) = k}. 
A point-line geometry is called t/iicfc if > 3 for all x E V U C. We put 

x^ = {a;}Ui:>2(x); 

if a; is a point, then this is the set of all points which have a line in common with x. 

Automorphisms are defined in the obvious way; an automorphism is a permu- 
tation of the point and the line set which preserves the incidence relation. In graph 
theoretic terms, an automorphism is a graph automorphism which preserves the 
coloring of the bipartite graph. 

7.1. Generalized quadrangles 
A thick point-line geometry is called a generalized quadrangle if =/= V x C, and if 

\p^nDiii)\^i 

holds for all pairs {p, £) G {V x £)\ T . Then there is a unique 3-chain (p, /i, 5, 
joining p and I. Put 

q — proj^p and h ~ projpf. 
The picture below shows the corresponding 3-chain. 



proj<,p 



Note that a generalized quadrangle contains no digons (two point are joined by 
at most one line and two lines intersect in at most one point) and no triangles. In 
particular, a line I is uniquely determined by the point row D\(£). For an example 
of a generalized quadrangle, see |7.8| below. A generalized quadrangle is the same as 
a spherical building of type C2 ■ 

7.2. Group actions and reconstruction 
An action of a group G on a generalized quadrangle is a homomorphism 

G — >Aut{®). 

Suppose that 

Reci G acts transitively on the point set V. 
The question is whether © can be reconstructed from the action of G. Let p E V 
and assume that 

Rec2 the stabilizer Gi acts transitively on Di {£) for every £ E Di (p) . 
Then Di{£) ^ Gi-p QV . A quadrangle satisfying Reci and Rec2 is an example of 



what Stroppel |93] [94| calls a sketched geometry. Suppose we know the collection 

Q ^{Gt\£EDi{p)} 

of all stabilizers of lines passing through p. Then we know all point rows through 
p; they are the sets GijGi n Gp C G/Gp. The collection of their G-translates 



7.B. COMPACT QUADRANGLES 
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can be canonically identified with the line set C. Thus, the quadrangle is uniquely 
determined by the triple 

(G,G„0). 

In fact, put 

V = G/Gp and C = [j {gHGp] geG, H e G} 

and define the incidence as inclusion 'C'. It is easy to show that the resulting 
geometry {V',C',C) is G-isomorphic to the original quadrangle ©. See Stroppel 



93 1 [94] for more results in this direction. 



We will also use the following elementary result. 

Lemma 7.3. Let & he a point-line geometry, with the property that every line t 
is uniquely determined by its point row Di{£). Assume that d{x,y) < oo holds for 
all x,y £ V U C, and that G C Aut(©) acts transitively on V. Let p £ V and let 
N C Gp he a suhgroup with the following two properties: 

(i) N acts trivially on Di{p) and on Di{£), for all £ G L)i{p) (so N fixes p^ 
pointwise) . 

(ii) // gNg'^ C Gp, for some geG, then gNg~^ = N. 
Then N = 1. 

Proof. Let g be a point which is coUincar with p, i.e. q e D2{p). Since G acts 
transitively on V, the stabilizer Gq is conjugate to Gp, say Gq ~ gGpg^^. Then 
gNg~^ fixes D2{q) elementwise; in particular, gNg~^ C Gp. Thus N = gNg~^. It 
follows inductively that N is normal in G, and thus = 1, because the action of 
G on is effective (here we use that assumption that lines are determined by their 
point rows). □ 



7.B. Compact quadrangles 

Suppose that © = {V,C,!F) is a generalized quadrangle, and that the sets V 
and C carry Hausdorff topologies. If the map [p, £) i — > (q, h) — (proj^p, proj^^) is 
continuous on (T' x £) \ T , then & is called a topological quadrangle; if V and C 
are in addition compact, then © is called a compact quadrangle. 

Proposition 7.4. Let & he a generalized quadrangle, and suppose that V and 
C are compact Hausdorff spaces. Then & is a compact quadrangle if and only if 
C.V X C is closed (or, equivalently, compact). 

Proof. See Grundhofer-Van Maldeghem Q 2.1. □ 

Concerning the set theoretic topology of a compact quadrangle, the following 
result is important. 

Proposition 7.5. Let ^ he a compact quadrangle. The point space V and 
the line space C are second countable, separable and metrizable. If the point space 
V is connected, then V , C, every point row Di(£) and every line pencil Di{p) is 
connected and locally contractible. 



Proof. See Grundhofer-Knarr [37| 3.1 and 4.1, or Grundhofer-Knarr-Kramer 
38| 1.5 and 1.6. □ 
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Recall the definition of the covering dimension dim(X) of a normal space X. 
If every finite open covering of X has a refinement such that every point of X is 
contained in at most n+1 sets of the refinement, then dim(X) < n, and dim(X) = n 
if X has at most dimension n, but not dimension n — 1. Equivalently, dim(X) < n 
holds if and only if the extension problem 

A ^ §" 



X 

has a solution for every map a defined on a closed subspace A ^ X. There are 
other topological notions of dimension, most notably the small or large inductive 



dimension, and the cohomological dimension. See Salzmann et al. [85| 92 for a 
discussion of dimension functions and further references. For 'good' spaces, these 
notions of dimension agree; in particular, an n-manifold has dimension n. More 
generally, an integral ENR n -manifold has dimension n. 

Definition 7.6. Let X be an ENR (euchdean neighborhood retract, cp. Dold 
IV. 8 for properties of such spaces). If there exists a number n such that 



Hfe(X,X\{x}) 



Z for k ^ n 
for k ^ n 



holds for all a; E X, then X is called an integral ENR manifold. Integral ENR 
manifolds are generalized manifolds, i.e. cm^s and hmus (for any integral domain 



R) as studied in Bredon |17|, and it can be shown that dim{X) = n. This is 



due to the fact that an ENR is locally contractible (so singular homology coincides 



with Borel-Moore homology) and a result of Bredon [17]. (An ENR is locally 
contractible and in particular cZc^; since dim(X) is finite, dimji{X) is also finite. 
The local homology groups in Borel-Moore homology are isomorphic to the local 
homology groups in singular homology. The result now follows from Theorem 



V.16.8 in Bredon |17].) Integral ENR manifolds are a very convenient class of 
spaces, because they satisfy all standard topological assumptions in the theory of 
compact transformation groups. 

Note also that an ANR of finite covering dimension is the same as an ENR. 

A compact quadrangle is called finite dimensional if the covering dimension 
of V is finite and positive, or, equivalently, if the covering dimension of C is finite 
and positive. The following theorem summarizes the most important topological 
properties of compact connected finite dimensional quadrangles. 

Theorem 7.7. Suppose that<& is a finite dimensional compact quadrangle. Let 
{p,£) € J-^ and put (mi, 7712) = (dim(Z?i(£)), dim(_Di(p))). 
Then the following hold. 

(i) The spaces V , C and are ENRs (euclidean neighborhood retracts) and in 

particular ANRs (absolute neighborhood retracts), 
ill) The spaces V , C and T , as well as the point rows and the line pencils are 

integral (locally and globally homogeneous) ENR- manifolds. 
(iii) The inclusions {p} C Di{£) C p-*- C 'P are cofibrations for every pair {p,£) 

( and dually). 
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(iv) There are homotopy equivalences 



J gmi+m2 
2mi +m2 



(v) Di{£), p^ and V are {mi — l)-connected. 

(vi) Either mi = m2 G {1,2, 4}, or 1 G {mi, 7712}, or mi + 7712 is odd. 



Proof. This is proved in Knarr |51], Grundhofer-Knarr |37| Sec. 4 and in the 
present generahty in Kramer |54| Thm. 3.3.6. □ 



The numbers (mi, 7712) are cahed the topological parameters of ©. A compact 
connected finite dimensional quadrangle with parameters (mi, m2) is called a com- 
pact connected {mi, m2)- quadrangle for short. 



7.8. Example Let F = 
variables over F 



and consider the hermitian form in 



1 



H^, y) = -xoVq - xiyi + ^ XkVk- 

k=2 

Let V denote the collection of all 1-dimcnsional totally isotropic subspaces, and C 
the collection of all 2-dimensional totally isotropic subspaces of F""*"^ (a subspace V 
of F"+^ is called totally isotropic if the form h vanishes identically onV). If tt, > 4, 
or if F ^ M and 77 = 3, then 

H„(F,R) = {V,C,C) 

is a compact connected quadrangle, the standard hermitian quadrangle over F"+^; 
one p uts Q ra(R) = H„(E,R) (our notation is essentially the same as in Van Malde- 
ghem [ lie ]). Let d = dimK(F) = 1,2,4. The quadrangle H„(F,M) has parameters 
{d,d{n — 2) — 1). Note that there are natural inclusions 



H3(C, 



H3(H,] 



Q4(I 



H4(C,M) 



Q5(IR) 



H5(C,R) 



Hp 



Q6(I 



H6(C,] 



H6(H, 



In the limit one obtains non-compact topological quadrangles with compact point 
rows and contractible infinite dimensional line pencils modeled on S°°. 

Let © — {'P,C,T) be a generalized quadrangle, let V C V and £' C £ he 
non-empty subsets. If & = {V,£',J-r] {V x £')) is again a generalized quad- 
rangle, then we call 25' a subquadrangle of 0. If Di{£) C V holds for all i & £' , 
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then the subquadrangle is caUed full. Here is an example of a fuU and a non-fuU 
subquadrangle. 

H3(C,M) ^"^^ . H3(H,M) 



full 



H7(C,] 



The following result is proved in Kramer- Van Maldeghem |59| Thm. 4.1 



Proposition 7.9. Let& C 6 &e a full, compact, and proper (i.e. & sub- 
quadrangle of the compact connected (mi, m2)- quadrangle 0. Let (mi,m2) denote 
the parameters o/*P'. Then m'2 7^ (so & is connected), and 

mi + 7712 < m2. 

Proof. The idea of the proof is to show that & contains a compact ovoid O 
which injects into a line pencil of (S. The dimension of such an ovoid is mi + m2, 
whence mi + m2 < m2. For details see Kramer- Van Maldeghem Thm. 4.1 [59[ . 
The fact that the point rows of ©' are connected implies that the line pencils are 
also connected, whence mj 7^ 0. □ 

The cohomology of finite dimensional quadrangles is known. 

7.10. Cohomology of finite dimensional compact quadrangles 
Let 25 be a compact connected (mi, m2)-quadrangle. Then 

dim(J^) = 2(mi + m2) 
dim(P) = 2mi -I- m2 
dim(£) = 2m2 -|- mi. 

If mi -|- m2 is odd, then 



H*(P) = H*(§" 



X 



jmi+m2 



H*(£) ^ H*(§'"^ X S"i+"^) 
U*{J^) = H*(§'"i X X §™i+™2)^ 

If mi — 1 and if m2 > 2 is odd, then 

H*(£;Q) ^ H*(S2'"2+^Q). 

The group 7Tm2{^) is generated by the inclusion S™^ ~ Di{p) C £. If mi + m2 is 
odd, then TTm-i^(C) = Z, and if m2 is odd and mi = 1, then 7rm2(£) = Z/2. 



These results are proved in Kramer [54| Ch. 3 and 6.4; they follow from 



Miinzner |77|, cp. also StrauB 
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Let 25 be a compact generalized quadrangle (not necessarily connected, not 
necessarily finite dimensional). We endow the group AutTop(25) of all continuous 
automorphisms of 25 with the compact-open topology. 

Theorem 7.11 (Burns-Spatzier). The group AutTop(25) is a locally compact 
metrizable group. 
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Proof. This follows from Burns-Spatzier |18| 2.1, in combination with Grund- 



hofer-Knarr-Kramer [38] 1.8 (there, it is proved that the metrizability assumption 
of Burns-Spatzier is superfluous), see also Bletz □ 

For example, the automorphism group of H„(F,R) is a finite extension of the 
non-compact simple Lie group PU2,n-i(]F). 

An action of a (Lie) group G on a compact quadrangle is a continuous homo- 
morphism 

G — y AutTop(0). 

For example, the compact Lie group U2(F) x U„_i(F) acts transitively on the points, 
lines and flags of H„(F,R). To get further, we need some facts about (compact) 
transformation groups. 

7.C. Some results about compact transformation groups 

We collect a couple of results which will be used in our classification of point 
homogeneous quadrangles. Let G be a group acting on a set X. We denote the 
image of G in the symmetric group of X by G\x, and we put Gx = {g & G\ g = 
idx}- In other words, Gx is the kernel of the action^ G\x is the induced group, and 
the sequence 

1 »- Gx ^ G »- G\x 1 

is exact. The G-action on X is effective if and only if Gx — 1- We put 

Fix(G, X) ^ {x e X\ G ■ X ^ {x}}. 

We will use Szenthe's solution of Hilbert's 5th problem: 

Theorem 7.12 (Szenthe). Let G be a locally compact second countable group. 
Suppose that G acts effectively and transitively on a locally compact, locally con- 
tractible space X. Then G is a Lie group and X = G/Gx is a manifold. 



Proof. This is what is proved in Szenthe [ |96| | (there, a more general result 
is claimed), cp. the remarks in Salzmann et al. 96.14. and in Grundhofer-Knarr- 
Kramer ^ Thm. 2.2. □ 



Proposition 7.13. Let G be a compact connected Lie group acting transitively 
and effectively on a manifold X . Then 

^dim(X) + 1" 
2 



dim(G) < 

If equality holds, thenG^ S0(n+1) and X = W or G = PSO(?i+l) and X = MP" 



Proof. The idea of the proof is to introduce a G-invariant Riemannian metric 
on X. The stabilizer Gx oi x E X acts effectively on TxX , since every point y E X 
can be joined by a geodesic with x. Thus Gx Q 0{TxX), whence dim(G2;) < 
dm-i{0{Tx)) = C^™2^^'), see Montgomery- Zippin (tI Thm. 6.2.5 and the following 



corollary, and Kobayashi-Nomizu |53| Vol.1 Note 10, Thm. 1, p. 308. □ 



The type of a G-orbit G • a; in a set X is the conjugacy class of the stabilizer 
Gx. If G is a compact Lie group, then an orbit G • a; is principal if the following 
two conditions hold. 



84 



7. HOMOGENEOUS COMPACT QUADRANGLES 



POi For every y ^ X, the stabilizer Gy is conjugate to an overgroup of Gx 

(i.e. there exists an element g £ G such that Ggt^^) fixes y). 
PO2 The set of all orbits of the same type as G • a; is open and dense in X. 
It is not difficult to prove that principal orbits exist, provided that G acts smoothly 



on a (smooth) manifold, see Bredon |16| IV Thm. 3.1, torn Dieck |23] Thm. 5.14 



How ever, we need the general result which is essentially due to Montgomery- Yang 



73 1 , and which is stated and proved in the present form in Biller W Thm. 2.2.3. 



Theorem 7.14. Let G be a compact Lie group acting effectively on a connected 
integral ENR- manifold X. Then there exist principal orbits. Moreover, G acts 
effectively on each principal orbit. 

Proof. For x e X let d{x) = dim(G • x) and c{x) = |7ro(G^)|. Let Xr ^ {x & 
X\ d{x) = r} and Xr^v = {x G Xr\ c{x) — v}. Choose k as large as possible, such 
that Xk 7^ 0, and let u — min{c(a::)| x G Xk}. Let Y — Xk^u- The existence of slices 



implies that Y is open, see Borel et al. |11| VIII Cor. 3.10. By Montgomery- Yang 



|73| Lemma 2, Y is dense in X, cp. Borel et al. [11| IX Lem. 3.2. Moreover, Y/G 



is connected by Borel et al. |11| IX Lem. 3.4. This together with the existence 
of slices readily implies that Y — > Y/G is a locally trivial fibre bundle, and all 
stabilizers of points in Y are conjugate. 

If (? G G fixes all points in some principal orbit, then clearly g fixes Y elemen- 
twise, and thus it fixes X , because Y is dense. Therefore, the action of G on each 
principal orbit is effective. □ 

Corollary 7.15. Let G be a compact connected Lie group acting effectively 
on a connected n-dimensional integral ENR manifold X . Then 

+ 1^ 



dim(G) < , 2 

If equality holds, thenG acts transitively, and X — S" or X — RP", cp. Proposition 



l.lh above. If the G-action is not transitive, then 

dim(G) < 



Proof. Let Z C- X he a. principal G-orbit. By Proposition 7.13, G acts effec- 
tively on the compact connected manifold Z, so dim(G) < C^""^^^). li Z X, 
then dim(Z) < dim(X), since otherwise Z would be open in X. □ 



The inequalities can be improved using Mann's result |67]; further results are 
obtained in Biller's thesis |^. 

If every point is contained in a principal orbit, then there is the following useful 
result due to Borel. 

Proposition 7.16 (Borel). Let G be a compact Lie group acting on a space 
X. Suppose that all G-orbits have the same type, i.e. that all stabilizers Gx are 
conjugate to some group H QG. The set Ti. of all G-conjugates of H can be iden- 
tified with the homogeneous space G/Notg{H); in this way, it becomes a compact 
manifold. Then the map 

X — >n, x< — yGx 
is a continuous surjection (in fact a fibre bundle with Fix(i7, X) as typical fibre). 
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Proof. This is proved in Bredon |16| II.5.9. □ 



Let p be a prime, let Fp denote the field with p elements, and let A be an 
elementary abelian p-group of rank r, i.e. A = {Z/pY . 

Theorem 7.17 (Floyd and Borel). Let X a compact connected n- dimensional 
integral ENR manifold with the same integral homology as Suppose that A acts 
effectively on X , and let F — Fix(yl, X) denote the fixed point set of A. Then F has 
the same (sheaf theoretic) ¥p-cohomology as a sphere S'^, for —l<k<n (where 

= 0). Note that k<nifr>\. 

If p is odd, then n — k is even. 

If f ^ I7 then there exists a subgroup A' C A of index p such that Fix(yl', X) 
is a ¥p-cohomology k' -sphere, for k' > k 

Proof. The first and second claim is proved in Borel et al. 0] IV 4.3, 4.4, 
4.5. To prove the last claim we use the following result due to Borel. Let A denote 
the set of all subgroups of A of index p (so |^| = ^jzj")' ^'^^ each H € A, let uh 
denote the dimension of the cohomology sphere fixed by H. Then 



cp. Borel et al. fllj XIII Thm. 2.3. Put k' = ma.x{nH\ H e A}. Thus (n - k){p - 



1) < (p'' - 1)(^' - fc), and therefore k' > k (note that k < nii r >l). □ 



7.D. Group actions on compact quadrangles 



Theorem 7.18 (Transitive actions on compact quadrangles). 

Let & be a compact connected quadrangle. Suppose that the topological automor- 
phism group AutTop(©) acts transitively on the point space V . Then the following 
hold. 



(i) 
(ii) 

(in) 



The group AutTop(0) is a Lie group. 

The quadrangle © has finite dimension; in particular, the topological param- 



eters (TOi,m2) of & are defined, and 7.1L applies to 25. 

If 'nil > 2, then there exists a compact connected Lie subgroup G C 
AutTop(0) which acts transitively on V . 



Proof. The first claim follows from Szenthe's solution of Hilbert's 5th prob- 
lem, see Theorem 7.12 above. Being a homogeneous space, T' is a manifold and thus 
finite dimensional. The last claim follows from Montgomery |72] Cor. 3, because 
V is 1-connected. □ 



The following result is proved in Kramer |54 



Theorem 7.19. Let & be a compact connected {mi, m2)- quadrangle and as- 
sume that the topological automorphism group acts transitively on the points or 
lines, as in 7.18. If mi — m2, then © is the real or complex symplectic quadrangle. 



Proof. See Kramer |54] Thm. 5.2.4 and Thm. 5.2.3. 



□ 



If 25 is a compact connected (mi, TO2)-quadrangle with mi 7^ m2, then the 
cohomology of the point space is as in 7.1C . 
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Theorem 7.20. Let <3 be a compact connected (mi, m2)- quadrangle and as- 
sume that the topological automorphism group acts transitively on the points, as in 
7. J 4 If ITT' 1 7^ '7^2 , CLnd if mi > 3, then there exists a compact connected Lie group 



G C AutTop(0) such that {G, Gp) is one of the pairs in Theorem 3.15. 



Proof. Since mi > 3, the point space V is 1-connected. By Theorem 7.18 



there exists a compact Lie group G contained in the automorphism group which 



acts transitively on V. Moreover, 7.10 shows that the homogeneous G-space V has 



the type of cohomology ring which we have classified in Theorem 3.15. □ 



The following lemma shows that several of the transitive actions occurring in 



Theorem 3.15 are not related to compact quadrangles. 



Lemma 7.21. Let G be a compact Lie group acting effectively on a compact 
connected {mi, m2)- quadrangle C5 = {V,C,J-). Suppose that G acts transitively on 
V . Let N C Gp be a normal almost simple subgroup, and assume that Gp has no 
other almost simple subgroup which is of the same type as N . Then 



dim(A^) < max 



mi + 1\ / m2 + 1 
2 )\ 2 



Proof. It follows from the assumptions that N satisfies the condition (ii) of 

7.3. Therefore N acts non-trivially on Di{p) or on Di{i). Since N is almost simple, 



this non-trivial action is necessarily almost effective (the kernel is finite) . The claim 



follows now from 7.15, □ 



The following results are due to Biller Q Sec. 5.1. We assume the following. © 
is a compact connected (mi, m2)-quadrangle, A is an elementary abelian p-group, 
for some odd prime p, and of rank r > 1, acting effectively on and fixing a point 
row Di{£) pointwise. 

Lemma 7.22. If m2 is odd, then the fixed points and lines of A form a full, 
compact, and proper subquadrangle & . 

Proof. Let hhe a line which is fixed pointwise by A, and let q e Di{h). Then 
A fixes h e Di(q), and in particular Fbc(A, Di{q)) is non-empty. By Theorem 



7.17, it is a cohomology sphere of positive dimension. Iterating this argument, 
we see that the substructure of which is fixed by A is a full subquadrangle 25' 
(here we use the structure theorem for weak quadrangles as in Van Maldeghem 



|110 Thm. 1.6.2: the fixed structure is a weak subquadrangle with at least two 
thick lines and infinitely many thick points, so it is thick); since 25 is compact, 
the set of all lines and points fixed by A is compact, so & is compact. Moreover, 
Fix(^,7') ^ V, since we assumed that A 1 acts effectively. □ 

Let (mi,m2'^'') denote the parameters of & — 25'^''-' C 25 = 25'^°-'. By Theorem 



7.17 , we find a subgroup Ai C Aq = Aoi index p such that Fix(Ai , Di (p) ) is strictly 
bigger than Fix{AQ, Di{p)), for a point p G Fix{A,'P). If we iterate this process, 
we obtain a sequence of full, compact, and proper subquadrangles 25^''-' C ©("""i) c 
• • • C 0^"-* = ©, with parameters {mi,m^2^) for and m'"^^^ < m^ < ■ ■ ■ < 
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(0) 



By Proposition 7S we have the inequaHties 



mi < TO 
mi < TO 



(0) 



(1) 



.(1) 



.(2) 



/ (2) (3) 
TOl < Too — mX 



/ (r-1) (r) 
TOl < TOj — TO2 

Adding these up, we have ttoi + m'^'^ < m^'^ . In particular, ttoi < TO2 holds for 
the parameters of ©. 

Theorem 7.23 (Biller). Let & he a compact connected (mi, 1112) -quadrangle, 
with TO2 odd, and let p be an odd prime. Let i be a line, and let (Z/pY = A <Z 
AutTop(©), be an elementary abelian p-group, for some odd prime p, and for some 
r > 1. Suppose that A fixes the point row Di(£) pointwise. Then mir < TO2. 

Proof. This follows from the previous discussion. □ 



Corollary 7.24 (Biller). Let K be a compact connected Lie group acting ef- 
fectively on a compact connected (mi, m2)- quadrangle and fixing a point row Di{i) 
pointwise. Assume that TO2 is odd. Then Tk(K) < 

In particular, if mi = 4 and TO2 — Ak — 5, then rk(_ftr) < k — 2. 

Proof. We choose a maximal torus T C K, oi rank, say, s. Thus we have 
(Z/3)" CK. □ 



7.E. The Stiefel manifolds 

Put G(n) = SO(n),SU(n),Sp(n), let F = R,C,M denote the corresponding 
skew field, and put d — diniR F = 1, 2, 4. In this section we classify those compact 
quadrangles which admit a line transitive G(n)-action, such that C = G(n)/G(n—2) 
is a Stiefel manifold, with n > 5 for F = K, C and n > 4 for F = H. Such a 
quadrangle has topological parameters 

(d,d(n-l)-l), 

where d = 1, 2, 4 for G SO(n), SU(n), Sp(n), respectively. 



7.25. Example Consider the quadrangle H„+i(F,M) = (V,C,T) as in|7J. Let 
V € Che & 2-dimensional totally isotropic subspace of F"+2 ^ \i not difficult to 
see that V admits a (unique) basis {u, u} such that 

ri+l 

UkVk = and — vi — 1, ui — vq — 0. 

k=2 

Thus {{u2, ■ . ■ , Un+i), (v2, ■ . ■ , Vn+i)) is an element of the Stiefel manifold V2(F"'). 
This correspondence is in fact a G(2) x G(rt)-equivariant homeomorphism C = 
V'2(F"), and we may identify the line space C of H„+i(F,R) with F2(F"). 
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Next we note the following. If /c > 3, then dim(G(/c)) > ('*^^), hence the almost 
simple group G{k) cannot act non-trivially on a c?-dimensional point row. This 
implies that G{n)i = G{n)p^i for all points p € -Di(^), provided that n > 5. Thus, 
G(n)p DGe = G{n - 2). If'd = 4 and n = 4, then G(2) = Sp(2) ^ Spin(5) could 
act non-trivially. However, in this case the action would necessarily be transitive 
(we will see that this situation does not occur). 

Lemma 7.26. Let (V,C,J-) be a compact generalized quadrangle, and assume 
that G(n) acts transitive on the line space C, such that there is a G{n)-equivariant 
homeomorphism C = G{n)/G{n — 2) = V2(F"). If n > 5, then the line stabilizer 
G{n)i — G{n — 2) acts trivially on the point row Di{i), whence 

G{n)p D G{n-2) =G{n)i 

for every p G Di{£). The same conclusion holds for n — A and ¥ ~M. 

Proof. Only the last claim has to be proved. Thus we assume that n = 4 and 
F = H. If Sp(2) acts non-trivially on Di{i), then it acts transitively, because Sp(2) 



contains no subgroup of codimension less than 4 (this follows from 7.15). Thus 
Sp(4) acts transitively on the flags, and in particular transitively on the points. 
But we know from our classiflcation ^.11 that Sp(4) cannot act transitively on a 



1-connected space with the rational cohomology of x §^^. □ 
We need to know the groups between G{n — 2) and G{n). 

Lemma 7.27. Let H C G{n) be a connected almost simple subgroup such that 
G{n — 2) C if C G{n). Then H is conjugate to G{n — 1), provided that n > 5 for 
F = M, C, andn>A for F = H. 

Proof. Consider the adjoint representation of G{n — 2) on the Lie algebra 
g{n) of G{n). We decompose g{n) into irreducible G{n — 2)-modules. Then 

5{n) = Q{n-2)®V (BV (BT, 

where V is the natural G(n— 2)-module, and T = M'^''^^ is a trivial G(n— 2)-module. 
Since G(n — 2) C H, the Lie algebra f) of 77 is invariant under G{n — 2). 

If f) C g(n — 2) © T, then either [} = g{n — 2) or f) is not almost simple; 
in either case, we get a contradiction to our assumptions. Thus there exists an 
element (0, fi, V2, t) G t) with {0} 7^ {t'l, ^2}- We consider the G{n— 2)-orbit of this 
element. 

If vi,V2 are F-linearly independent, then the G(n — 2)-orbit of (0,vi,V2,t) is 
a (distorted) Stiefel manifold y2(F"-2) ^ G{n - 2)/G(7i - 4) (here we use the 
assumption on n); thus, its E-span contains V(BV. It follows that V(BV C (), and, 
consequently, that f) — g{n) and H = G{n), contradicting our assumptions on H. 

If {vi,V2} ^ {0} are F-linearly dependent, then the orbit of {0,vi,V2,t) is a 
{d{n — 2) — l)-sphere, and thus the linear span of the orbit contains an (n — 2)- 
dimensional subspace W of V ® V which is G(n — 2)-isomorphic to V. The Lie 
algebra f generated by W and g{n — 2) is isomorphic and conjugate to g{n — 1). 
Thus, f C f), and we have to prove that equality holds. 

Assume that {0,v[,V2,t') G [) \ f. If {^1,^2} 7^ {0}, then one sees readily that 
V (B V C i) and hence t) = 0(n), again a contradiction to out assumptions. 

We are left with the case that f) = Q{n - 2) ® W ® T' , where W V ® V 
and T' C T. We may assume that f = g(n - 1) and that W ^ V (B 0. Thus 
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[) C g(n — 1) T", where T" is of dimension d — 1. Since we assumed that \) is 
simple, this imphes that f) = g(n — 1). □ 

Now we go back to the quadrangle. We assume that n > 5 for F = M, C and 
n > 4 for F = H. Then G{n)px = G{n)e = Gin - 2) for aU p e Di{£), and we have 
inequalities 

dim(G(n)p) > dim(G(n)) - dim(7') 
dim(G(n)^) = dim(G(n)) - dim(£) 
dim(Di(p)) > dim(G(n)p) - dim{G{n)e) 

d(n - 2) - 1 < dim(G(n)p) - dim{G{n)i) < d{n - 1) - 1. 



whence 



Put (G(n)p)° = Ki ■ K2, where Ki is almost simple, G{n — 2) — G{n)g C Ki, 
and K2 C CenG(„)(G(n - 2)). Note that dim(CenG(„)(G(n - 2)) = 3d - 2. If 
dim(G(n)p) - dim(G(n)f) > dim(CenG(„) (G(n - 2)), then Ki ^ Gin - 2) by the 
inequalities above. It follows then from 7.27] that Ki is conjugate to G{n — 1). 



Thus dim(ifi/G(n — 2)) = d{n — 1) — 1. This is the full dimension of a line 
pencil. Therefore Gp acts transitively on Di{p), and thus Gp = Ki is connected 
and conjugate to G(n — 1). 

Now d{n — 2) — 1 > 3d — 2 for d = 1, 2, 4, provided that 71 > 5. In these cases, 
we have proved that G(n)p is conjugate to G{n — 1), contains G(n — 2) and acts 
transitively on the line pencil Di{p). 

Finally, assume that 71 = 4 and F = H. Then 21 < dim (Gp) > dim(Sp(4)) - 
dim(7-') = 36—19 — 17. In fact, Sp(4) is not transitive on V by [5.11| , so we have strict 
inequality dim(Gp) > 17. Assume that Ki = G{n — 2). Then dmi{K2) > 8, and 
Ki C Censp(4)(S'p(2))° = Sp(2). But Sp(2) has no subgroup of codimcnsion 2 (by 



7.15). Thus Ki is strictly bigger than G{n - 2), and thus Ki = G{n - 1) = G{n) 



Theorem 7.28. Let G{n) denote one of the groups S0(7i), SU(7i), Sp(?T.). Sup- 
pose that G{n) acts line transitively on a compact quadrangle ©, such that C = 
G{n)/G{n - 2). J/F = R, C and n > 5, or if¥ andn> 4, then © is uniquely 
determined and continuously G-isomorphic to the classical quadrangle H„-|_iF. 

Proof. The discussion above shows that G{n)p acts transitively on Di{p) for 
all p E v. Put Q = {G(n)p| p £ Di{£)}. The quadrangle is uniquely determined by 
the triple 

(G(n),G(n-2),5), 



cp. 7.2. It remains to determine G in group theoretic terms. Let G' denote the 
set of all conjugates of G{n — 1) which contain G(7^ — 2). Clearly, G ^ G'', note 
that G' is the collection of subgroups which arises from the corresponding classical 
quadrangle. We wish to show that G = G' ■ 

The map p 1 — > G{n)p is continuous by |7.16| . If p, g G Di{i) are distinct points, 
then G{n)p ^ G{n)q, since otherwise G{n)p would fix € e Di{p). Thus, the map 
q I — > G{n)q is injective on the point row Di{t}, and its image is G- Therefore G 
is a homology d-sphere inside G' ■ From the corresponding classical quadrangle we 
see that G' is in fact homeomorphic to S'^. It follows that G — G' ■ 
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We have established an abstract isomorphism between © and a certain classical 
quadrangle, 

& ^ H„+i(F,R). 

The map (j) is G-equivariant and continuous on the line space C, so it is continuous 
on every line pencil. Every point row Di{£) can be embedded in C by the map 
q I — > proj^/i, where h £ D^li) is some line. Thus, is continuous on every point 
row and every line pencil. By Bodi-Kramer Q Prop. 3.5, the map (f> is continuous 
(and so is its inverse). □ 

The last step in the proof will be needed again later, so we state it separately. 

Proposition 7.29. Let © — ^ ©' be an abstract isomorphism of generalized 
quadrangles. If (5 and & are topological quadrangles, and if <j) is continuous on the 
line or point set, then <f> is continuous everywhere. 

Proof. The proof is the same as the one given above. □ 



7.F. The (4, 4n - 5)-series 

Here G/Gp — Sp(n) x Sp(2)/Sp(n — 1) • Sp(l) • Sp(l). The canonical examples 
for such an action are the quadrangles H„+i(]HI,R). 



7.30. Example We use the same notation as in 7.8. Every 1-dimensional 
totally isotropic subspace in H"+^ is spanned by a vector (mo,mi,... ,u„,m„+i), 
with |itoP + = 1. This vector is not unique, but the pair of vectors 

{u2Uq, . . . , Un+lUQ, U2U1, . . . , Un+lUl) 

in H^^" is. This embedding of the point space V in H^^" is Sp(2) x Sp(n)- 
equivariant. The image is a focal manifold of the homogeneous isoparametric folia- 
tion with .9 = 4 and {mi, — (4, 4n — 5). The other focal manifold is the image 
of the line space C considered in 7.25 before. Mutatis mutandis, similar remarks 



apply to F = M, C and also to F = O, see Kramer |l57| |58| \p5 



This example gives us a linear model for this homogeneous space, i.e. an equi- 
variant embedding into a vector space. We let V — H" denote the natural Sp(n)- 
module and consider V ®V. Then 

Censo(8n)(Sp(ri))° = Sp(2); 

consequently, we have an (irreducible) action of Sp(n) x Sp(2) on V (DV. We can 
view V ®V as the set of all 2 x n-matrices with entries in H; the group Sp(n) acts 
by left multiplication, and Sp(2) acts by conjugate transpose right multiplication. 
The orbit of the vector p = (ei, 0) is precisely the set 

V = {{xc, xs) eV ®V\ X &V, \x\ = 1, c, s e M, |cp + \s\^ = 1}, 



and the stabilizer of p is of the form 



A 



A e Sp(n- l),a,6e C 



Thus V = Sp(n) X Sp(2)/Sp(n - 1) • Sp(l) • Sp(l). Consider the map 
(j):V — > C R © H, (xc, xs) 1 — > {\c\^ - |s|^ 2cs). 
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The group G — Sp(n) x Sp(2) acts — via the second factor — as S0(5) on M ® H, 
and the map 4> is G-equivariant. 

Our aim is to show that G acts transitively on the flag space J- and hence on 
the Une space C. Let G[£] denote the kernel of the G^-action on the point row Di{£), 

1 G[i] Gi >- Gf|/)j(f) >- 1. 

Let H = Sp(n) C G denote the normal subgroup acting from the left. Every H- 
orbit in V is homcomorphic to a sphere S'*"^^; these orbits are precisely the fibres of 
(f) (these fibres turn out to be ovoids, cp. Kramer- Van Maldeghem |5S] and Kramer 
53 Let p be a point. Then Fix(i7p, H ■ p) = S^, and Fix(7Jp,'P) ^ Thus 



p-^ % Fix{Hp,'P) if n > 3. So assume that n > 3 and let q e D2{p) be a point 
which is not fixed by Hp. Then Hp q is conjugate to Sp(n — 2). The group Hp q 
is almost simple and of d imen sion at least 21; thus, it fixes the point row Di(£) 
pointwise by Proposition 7.15 . No w rk(G [^]) > Tk{Hp^q) = n — 2. On the other 
hand, rk(G[f]) < n — 2 by Corollary 7.24 , The group Hp q is almost simple and of 
the s ame rank as (G[£])°, so (G[£])° itself is almost simple. If n > 4, then Lemma 
shows that (G[f])° = Sp(n - 2). 

The d imension of Di{£) is 4, so Gi\jj-^(^g) is at most 10-dimensional by Proposi- 
tion 7.15, and if the group is 10-dimensional, then it is locally isomorphic to S0(5) 



and transitive. We have 

dim(Sp(n - 2)) + 10 = dim(G) - dim(/:) 

< dim(Gf) 

= dim{Ge\Di(e)) + dim(G[f]) 

< dim(G[£]) + 10 

= dim(Sp(n - 2)) + 10. 

Therefore Ge acts transitively on Di{£), and G acts transitively on C. By our 
previous classification, H acts transitively on C, and © is the standard hcrmitian 
quadrangle over the quaternions. 

Theorem 7.31. Suppose that Sp(n)-Sp(2) acts point transitively on a compact 
quadrangle & , such that V ^ Sp{n) ■Sp(2)/Sp(n— I) ■Sp{l) ■Sp{l). Ifn>A, then (& 
is uniquely determined and continuously G-isomorphic to the classical quadrangle 
H„+i(IHI,R). Moreover, Sp{n) ■ Sp(2) acts transitively on C and on T . □ 

7.G. Products of spheres 

We consider the following situation: the compact connected Lie group G acts 
on a compact quadrangle in such a way that 

V = G/H = Ki/Hi X K2/H2 = S"^ X S™i+™2 

is a product of homogeneous spheres. We use the fact that the inclusion of a point 
row Di{£) — > V induces a map onto 7r„jj (V). The composite 



D,{£) 




X §^ 



rill +^^2 
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has non-zero degree, hence it is surjective. This shows that Di {£)r){{x} x §™i+m2 ^ 
for every x G The stabihzer Hi fixes a set containing S" x §™i+"»2^ 

every point row Di(i) meets this set twice. Therefore Hi fixes every point row, 
and iKi,Hi) = (Sp(l), 1). Thus mi = 3. 

Proposition 7.32. Let G be a compact connected Lie group. If the point space 
V of a compact quadrangle is a product of homogeneous spheres 

V = G/H = Ki/Hi X K2IH2 = X §™i+™2 
as above, then mi — 3, TO2 is even, and {Ki,Hi) — (Sp(l), 1). □ 



Now we use Lemma 7.21 to exclude some more cases. If H2 is almost simple, 
then 



dini(i/2) < max 



4\ /ms + l 

2r \ 2 



This excludes the pairs {K2,H2) = (S0(m2 + 4),SO(m2 + 3)), for m2 > 2, and 
{K2^ H2) = (Spin(7), G2). We are left with the homogeneous spaces 

Sp(n)/Sp(n - 1) X Sp(l) for n > 2 

SU(n + l)/SU(n) X Sp(l) for n > 2 

Spin(9)/Spin(7) x Sp(l). 

There exist point homogeneous compact connected quadrangles with the first type 



of group action, see Example 8.13 in Chapter 8 



7.H. Summary 

We summarize the main results of this chapter. 

Theorem 7.33. Let © ~ {V,C,!F) be a compact connected quadrangle. Sup- 
pose that the topological automorphism group AutTop(0) acts transitively on the 
point space V . Assume that the topological parameters (ttii, TO2) o/© satisfy the con- 
dition mi > 2. Then there exists a compact connected Lie group G C AutTop(©) 
which acts transitively and irreducibly on V. 

(A) If mi = 7712, then mi = m2 = 2, the group G = S0(5) acts transitively on 
the flag space T and the point space V , and © is G-equivariantly isomorphic to the 
complex symplectic quadrangle W{C) or its dual, the complex orthogonal quadrangle 
QiiC). 

(B) If mi > 3, then mi ^ m,2. We have classified the following subcases. 
(Bl) If (mi,m2) = (4,4n - 5), for n > 4, then G = Sp(n) • Sp(2) and © is 

G-equivariantly isomorphic to the quaternion hermitian quadrangle H„-f,i(H, R). 

(B2) If (7711,7712) = (477 - 5,4), for n > A, then G = Sp(77) and © is G- 
equivariantly isomorphic to the dual of the quaternion hermitian quadrangle 
H„+i(H,M). 

(B3) If (7771,7772) = (277 - 3,2), for n > 5, then G = SU(77) and © is G- 
equivariantly isomorphic to the dual of the complex hermitian quadrangle 
H„+i(C,R). 

(B4) If {ttii, 7772) — (77 — 1, 1), for 77 > 9, then © is G-equivariantly isomorphic 
to the dual of the real orthogonal quadrangle (5„+i(R). 

(B5) In the remaining cases {G,V) is one of the pairs determined in Theorem 
m (B) and (C). 
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Proof. Case (A) was proved in Kramer [54]. The cases (Bl)-B(4) were con- 
sidered in the previous sections. □ 

Note that the theorem above does not summarize all situations which were 
considered in this chapter; we classified some more quadrangles. 

Corollary 7.34. Let — {V,C,J-) be a compact connected quadrangle. Sup- 
pose that the topological automorphism group AutTop(<S) acts transitively on the 
point space V. Assume that the topological parameters (7711,7712) of & satisfy the 
condition 

7771 > 10. 

Then 25 is G-equivariantly isomorphic to the dual of one of the classical compact 
connected Moufang quadrangles Q„(M), H„(C,M), or H„(]HI,M). 

Proof. By 7.32| , the point space V cannot be a product of homogeneous 
spheres. Thus V is & Stiefel manifold by 3.16. □ 

Case (B5) in the theorem above consists mainly of infinite series 

Sp(l)x (Sp(77)/Sp(77-1)) 
Sp(l) X (SU(77+1)/SU(77)) 
Sp(77) X SU(3)/Sp(77 - 1) • Sp(l) 
Sp(77) X Sp(2)/Sp(77 - 1) • Sp(l) 

and a finite collection of sporadic spaces. I conjecture that only the first series 
corresponds to quadrangles. The following related result is proved by Billcr |Q; it 
improves some of our results obtained in this chapter. 

Theorem 7.35 (Biller). Let <S be a compact connected (4,4?7— 5) -quadrangle, 
for 77 > 2, and assume that a compact connected Lie group G of dimension at least 
(^"2^^) +10 '^'^^^ effectively on 0. Then 6 is continuously isomorphic to H„_|_i(H, M), 
and G = Sp(2) • Sp(77) acts transitively on the flags. 

If a compact connected Lie group G of dimension at least 22 acts effectively 
on a compact connected (A, 5) -quadrangle 0, then G acts transitively on the flags 
and (5 is continuously isomorphic to a certain classical quadrangle (the so-called 
anti-hermitian quadrangle over the quaternions). 

Proof. See Biller 11 Sec. 5.3. □ 



Some more cases (e.g. Eg/F4 or SU(6)/Sp(3)) can be excluded by 7.21 . More 
cases can be excluded using the following deep result of Stolz and Markert. 

Theorem 7.36 (Markert). Let(& be a compact connected (mi, m2)- quadrangle, 
with 2 < TTii < 7712. Put k = min{r(72 — mi, mi — 1}. Then 

2'^('=) divides mi + 7772 + 1, 

where (j){k) = \{i\ l<i<k and i = 0,1,2,4 (mod 8)}|. 



Proof. This follows from results of Stolz [ pi| . However, the proof requires 
several non-trivial modifications of Stolz' paper, see Markert [68]. □ 

A complete classification of all compact connected quadrangles which admit a 
point or line transitive automorphism group seems to be difficult, but not impossi- 
ble. 
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7.37. Conjecture A compact connected quadrangle which admits a point or 

line transitive automorphism group is either a Moufang quadrangle or a quadrangle 
associated to an isoparametric hypersurface of Clifford type (with parameters (3,4fc) 
or (8,7);. 



CHAPTER 8 



Homogeneous focal manifolds 



We apply our classification of homogeneous spaces to obtain a classification 
of homogeneous focal manifolds of isoparametric hypersurfaces. A closed subman- 
ifold M" C M"+'^ is called isoparametric if its normal bundle is (globally) flat, 
and if the eigenvalues of the Weingarten map along any parallel normal field are 
constant. Typical examples are principal orbits of isotropy representations of Rie- 
mannian symmetric spaces. However, Ferus-Karcher-Miinzner showed that there 
are infinitely many isoparametric hypersurfaces which do not arise from isotropy 
representations of symmetric spaces. On the other hand, Thorbergsson proved that 
an irreducible full isoparametric submanifold with codimension strictly bigger than 
2 (i.e. M is not congruent to a product, the codimension is fc > 3, and M is not 
contained in an affine hyperplane) is a principal orbit of the isotropy representation 
of a Riemannian symmetric space. This should be compared to Tits' result about 
buildings of higher rank mentioned in the previous chapter. 

This correspondence is not accidental. The rank of an isoparametric submani- 
fold M" C K"+'= is defined as dim((Af )aff)-dim(M), where (M)aff denotes the afhne 
span of M, i.e. the intersection of all affine hyperplanes containing M. It is called 
irreducible if it is not congruent to a product Mi x M2 C K™i x R"*^ of isoparametric 
submanifolds Mi C M2 C R'"^ under an isometry of Thorbergsson 

|101 proved that an irreducible isoparametric submanifold M" C ]R"+'^ of rank 



A: > 3 carries in a natural way the structure of an irreducible spherical building of 
rank k. Using Tits' classification [106] (combined with a result by Burns- Spatzier 
|18{), he deduces that the building is Moufang and arises as the spherical building 
at infinity of a Riemannian symmetric space G/K. The isotropy representation 
oi K on G/K yields an isoparametric family in p, where g = 6 ® p is a Cartan 
decomposition of G. A closer inspection shows that there is an isometry = p 

(up to some real scaling factor) which carries M onto an isoparametric submanifold 
in p of the family belonging to G/K. Thus he obtains the following classification 

lioil 

Theorem (Thorbergsson) A closed irreducible isoparametric submanifold of rank 
at least 3 arises from the isotropy representation of an irreducible Riemannian 
symmetric space of non-compact type. 

An isoparametric submanifold of rank 2 is (up to some real scalar) congruent 
to an isoparametric hypersurface in the unit sphere of the ambient vector space. 
Ferus-Karcher-Miinzner |34| constructed an infinite series of families of isopara- 
metric hypersurfaces in spheres which are not congruent (not even homeomorphic) 
to principal orbits of isotropy representations of Riemannian symmetric spaces. 
So Thorbergsson's Theorem does not carry over to the rank 2 case. However, a 
weak form of his result (which is due to Hsiang-Lawson |45| and much older than 
Thorbergsson's result) is still valid in the rank 2 situation. 
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Theorem (Hsiang-Lawson) A closed irreducible isoparametric submanifold of 
rank 2 arises from the isotropy representation of an irreducible Riemannian sym- 
metric space of non- compact type and rank 2, provided that it admits a transitive 
isometry group. 



Table II in Hsiang-Lawson |45| is incomplete (the hypersurface with 6 distinct 
princ ipal curvatures and multiplicities (1,1) is erroneousl y om itted, cp. Uchida 
|l09[ ); a corrected table can be found in Takagi-Takahashi |98|. 



Note also that in the case of higher rank Thorbergsson proves the existence of 
a transitive isometry group (the isotropy group K of the symmetric space G/K). 



Recently, Heintze-Liu [ 43 1 gave a new proof for the existence of a transitive isometry 



group in the case of rank at least 3; this yields also a new proof of Thorbergsson's 



Theorem. Yet another proof is due to Olmos |79 . Most of the new examples 



discovered by Ferus-Karcher-Miinzner admit no transitive isometry groups. 



Generalizing the result of Hsiang-Lawson |45|, we consider the following situ- 
ation: M is an irreducible isoparametric hypersurface whose isometry group acts 
transitively on one of the focal manifolds of M . Some (but not all) of the Ferus- 



Karcher-Miinzner examples have this property. By Miinzner [77|, the spectrum of 
the Weingarten map (i.e. the set of all principal curvatures) of an isoparametric 
hypersurface has g = 1,2, 3, 4 or 6 elements. The cases g — 1,2 are easy to classify, 
so the interesting cases are g = 3, 4, 6. For g = 3,6 one can show that a group which 
acts transitively on one focal manifold acts also transitively on the isoparametric 
hypersurface itself. Also, the case g = 3 was completely classified by Cartan, and 



the case g = 6 was partially classified by Dorfmeister-Neher (see Section S.A below 
for references). Thus, the interesting case is g = A. In this chapter we prove the 
following result. 

Theorem A Let M be a closed isoparametric hypersurface, with 4 distinct principal 
curvatures. Assume that the isometry group of M acts transitively on one of the two 
focal manifolds of M , and that this focal manifold is 2-connected. Then either M 
itself is homogeneous, or M is of Clifford type, with multiplicities (8, 7) or (3,4/c). 



Wolfrom 1 114] recently extended this result to the case where one multiplicity 



is mi — 2 (for all g), showing that no new examples occur. If g — 4, 6, and if one 



of the multiplicities is mi = 1, then the results of Takagi |97| and Dorfmeister- 



Neher 1 28 1 apply. Combining Theorem A with these results, we have the following 
theorem. 

Theorem B Let M be a closed irreducible isoparametric submanifold of rank at 
least 2. Assume that the isometry group of M acts transitively on one of the fo- 
cal manifolds of M . Then either M itself is homogeneous and arises from the 
isotropy representation of an irreducible Riemannian symmetric space (of non- 
compact type), or M is of Clifford type, with multiplicities (8,7) or (3,4fc). 



Finally, I would like to mention ImmervoU's new and beautiful result |4S]. 

Theorem (Immervoll) Let M be a closed irreducible isoparametric submanifold 
of rank at least 2; if the rank is 2, assume we are not in the situation {g, mi, m2) = 
(6,2,2). Then the simplicial complex associated to M is a compact connected Tits 
building. 

Probably, the case {g, mi, m2) = (6, 2, 2) is not really an exception; it is conjec- 
tured that only one isoparametric hypersurface with these parameters exists (and 
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this known hypersurface is a building, the so-called split Cayley hexagon over the 
complex numbers). 

The strategy of the proof of Theorem A is as follows. In the situation of Theorem 
A, the focal manifold has the same integral cohomology as a product of spheres. 
Thus we can apply our classification of homogeneous spaces. However, not every 
homogeneous space in 3.15 is a focal manifold. The fact that the homogeneous 



space admits an equivariant embedding into a vector space of the right dimension 
rules out many of the 'wrong' manifolds. If the homogeneous space is one of the 
known examples of focal manifolds, then it is in most cases easy to see that this 
equivariant embedding is unique. Finally, some low-dimensional cases and some 
exceptional spaces need special attention. 

Our method does not use very much Riemannian geometry; what we use is the 
global behavior of isoparametric submanifolds, and also the point-line geometry 
associated to such a submanifold. In a sense, we treat these submanifolds as if they 
were nicely embedded Tits buildings; many proofs are similar to the proofs in the 
last chapter. I think that both the effectiveness of this method and the close relation 
between the known isoparametric submanifolds and compact buildings justify this 
approach. 

There are many papers and several books on isoparametric hypersurfaces and 
submanifolds, we just mention (in alphabetic order) Abresch 



22 



Console-Olmos 
ner |34 , Grove-Halperin [fe6 



Dorfmeister-Neher [ |25 
Hcintze-Liu 



Kramer l52| Mii nzner ||7|] Olmo s JtoC, P alais- Terng | |82|, St olz ||9lJ], Striibing 




27 



28 



Cecil-Ryan |21 
Ferus-Karcher-Miinz 
Knarr- 



Hsiang-Palais-Terng 1 46 



95[, Terng |100|] , Thorbergsson flOl), [ [l02[ , ||lO§, Wang |112| |. Thorbergsson's 
survey [103| is a good introduction to the subject and contains many references; a 



somewhat older bibliography is Kiihnel-Cecil |64 



8. A. Isoparametric hypersurfaces 

Let X C §'■+1 be a submanifold. We denote the normal bundle of X C S'"+^ 
by ±X. 

8.1. Isoparametric hypersurfaces 

A compact connected hypersurface J-' C E>^^^ is called isoparametric if its princi- 
pal curvatures are constant. Fix a unit normal field N and consider the normal 
exponential map 

RxT — (t,x)< — >eyi-p^{tN). 

If t is small enough, then the endpoint map rjt : x i — > exp^(tA^) is a diffeomorphism, 
and the image of this map is a parallel hypersurface which is also isoparametric. 
More precisely, there are real numbers 9i < < 02 such that rjt is a diffeomorphism 
for 6*1 < t < 62; if t ~ 61,62, then r]t is a submersion onto a manifold of strictly 
smaller dimension. Put 

V = rjg^ {T) and C = rfe^ {T) 

and 



Wv = Ve2 and pr^ = r/g, . 
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The parallel hypersurfaces olJ- are again isoparametric; thus, we have a foliation of 
the sphere by isoparametric hypersurfaces and the two focal manifolds, a so-called 
isoparametric foliation. 

Let g denote the number of distinct principal curvatures of T . A remarkable 
result of Miinzner |77 says that g G {1, 2, 3, 4, 6}. The isoparametric hypersurfaces 
with g — i were classified by Cartan |19 , cp. also Karcher |49|, Knarr-Kramer 



52 1 and Console-Olmos p2l. The 6-dimcnsional isoparametric hypersurfaces with 



= 1 one has (up to a scalar factor) an 
2 one has a Chfford torus S™i x S™^ C 



g — 6 were classified by Dorfmeister-Neher ]28 

It is not difficult to prove that for g 
r-sphere C §''+1 of radius e, and for g = 
gmi+m2+i^ for < e < 1 and e'^ + S'^ = 1, cp. Palais-Terng [|2 

The results of Miinzner also show the following. Let denote the multiplicity 
of the ith principal curvature. After rearranging the indices one has rrii = 
for i = I, . . . , g (indices mod g). The numbers mi, m2 are called the multiplicities 
of J-. If g — 1,3,6, then mi = m2. If g = 4, then either toi = m2 G {1,2}, or 
1 e {mi, ni2}, or mi + m2 is odd, cp. ]\ 

Stolz plj recently proved the following deep result, 
that 2 < mi < m2. Then 



Abresch g. 

Suppose that g 



4 and 



(m,i, m,2) = (4, 5) or 
where 0(m) = |{«| 1 < i < m and i 







divides mi + m2 + 1, 
1,2,4 (mod 8)}|. 



8.2. The global geometry 
The fibres of rjSi are spheres of dimension m^, for i = 1,2. Conversely, J-' can be 
identified with the normal sphere bundle S2sin(ei/2) (-L'P) consisting of all normal 
vectors of length 2sin(6'i/2) (and similarly, !F ^ 823111(62/2) (-'-'C)). In fact, 

T^{xe S''+^ I dist(a;, V) ^ 2 sin(6li/2)} 

and 

C = {xe I dist(a;, V) = 2 sin((02 -0i)/2)}. 

In particular, the isoparametric foliation is completely determined by one focal 
manifold. 

We need the following result. 

Lemma 8.3. Let p ^ V and let N g ^-pV he a non-zero normal vector. Then 
the kernel of the Weingarten map An is m2- dimensional. A similar result holds 
for C; here, the kernel is mi -dimensional. 



Proof. This is proved e.g. in Cecil-Ryan |21] Ch. 2, Cor. 2.2. □ 



8.4. The corresponding point-line geometry 
Let J- be an isoparametric hypersurface with focal manifolds V and C and g > 2. 
Call the elements of V points and the elements of £ lines. A point p and a line £ 
are incident if and only if 

dist(p,^) = 2sin((6l2 - 0i)/2). 

In that case the geodesic arc between p and i meets J-' in a, unique element x £ J^; 
thus, we can identify J- with the flag set of this geometry. We denote the resulting 
point-line geometry by (5{V,C). 
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This geometry was introduced in Thorbergsson 
Kramer 
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101 1; there, and in Knarr- 
it is used to classify certain isoparametric submanifolds. The same 



geometry is also used in Eschenburg-Schroder |32| App. If the isoparametric folia- 
tion arises from a non-compact Riemannian symmetric space, then this is the same 
as the building at infinity in the compactification of the symmetric space. 

One can show that ©(7^,£) is connected; in fact, d(x,y) < g for all elements 
e V U C, cp. Eschenburg-Schroder 



x,y 



Also, one can show that &{V,C) 
contains no digons, provided that g > 3 (Thorbergsson, unpublished; see Knarr- 
Kramer |52 for a proof). Let £ G C The point row corresponding to £ has a 
simple description: the sphere of radius 2 sin((02 ~ ^i)/2) around £ touches V along 
a sphere S, and this set S is precisely the set of all points which are incident with 
£. In differential-geometric terms, S CV is a curvature sphere. 

For all known examples of isoparametric hypersurfaces (with 5 > 3), the ge- 
ometry <S{'P,C) is a spherical buildi ng of rank 2; more precisely, it is a compact 
generalized g-gon, cp. Thorbergsson 
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and, more generally, ImmervoU 



8.5. ISOMETRY GROUPS 

Let Isom(jF) denote the group of all isometries of Isoparametric hypersurfaces 
are rigid: every isometry of is induced by an isometry of S''"'"^. Thus Isom(J^) C 
0(r + 2). Hsiang-Lawson classified all isoparametric submanifolds where Isom(jF) 
acts transitively on J^. We call such a hypersurface homogeneous. 

The connected component of Isom(J^) acts also on the focal manifolds V, C; in 
particular, 

Isom(J^)° C Aut(©(P,£)). 
Conversely, if G* C 0(r + 2) is a group which leaves V or C invariant, then G C 



Isom(J^), cp. B.2. As the examples by Ferus-Karcher-Miinzner show, it is possible 



that one of the focal manifolds is homogeneous, while J- itself is not homogeneous. 

We derive some more general results about transitive actions on focal manifolds. 

Lemma 8.6. Assume that g > 3. Let G C SO(r + 2) be a compact connected 
subgroup. If G acts transitively on the focal manifold V (or C), then there is no 
invariant subspace with trivial G-action. 

Proof. Assume otherwise. Let U®V — R2(mi+m2)+2 decomposition into 
G-modules such that [/ is a trivial G-module of positive dimension. Let (u, v) £ V. 
Then V = G ■ {u^v) — u y, G ■ v is contained in the proper affine subspace u ~\-V . 
But for g > 3 the focal submanifolds are full, i.e. they are not contained in any 
proper affine subspace of R''+^. □ 

Next we note the following. Let x £ T . Then G ■ x surjects onto G ■ prp(a;). 
Thus, if V is G-homogeneous and if y G W^'^ \ £, then the orbit G ■ y CI has 
at least dimension dim(7'). 

Lemma 8.7. Suppose that V = G/Gp C is a homogeneous focal manifold. 
If X G S*"^^ is a point with dim(G • x) < dim(7'), then G ■ x is contained in the other 
focal manifold C. □ 

Let V = G/Gp he a homogeneous focal manifold. Then Gp acts on the normal 
space J-pV C TpS^^^. This is the normal isotropy representation of the isotropy 
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group Gp. The normal sphere bundle ^(-LT^) can be identified with the isopara- 
metric hypersurface and the action of G on this sphere bundle coincides with 
the action on T. Let C denote the other focal manifold, and let S denote the cur- 
vature sphere corresponding to p. The action of Gp o n S coincides with the action 
of Gp on the normal sphere in ^-p'P . Note that 7.3 applies also to isoparametric 
hypersurfaces. 

Lemma 8.8. Let N be a normal almost simple subgroup of Gp, and assume that 
Gp has no other closed subgroup isomorphic to N . Then 



dim(iV) < max 



rni + 1 



V 2 



Proof. The proof is the same as in 7.2L 



□ 



The problem we will consider is the following. Let G C S0(r + 2) be a compact 
connected subgroup which leaves V or C invariant, and which acts transitively on 
V or on C. We wish to determine all possibilities for (G, V, C). 

The cases t; = 1, 2, 3 are rather simple. In fact, for 5 = 3, 6, or if g = 4 and 
mi — 7712, one can show that transitivity of Isom(J^) on one focal manifold implies 
transitivity on itself; the methods developed in Kramer |54| for compact polygons 



carry over to isoparametric hypersurfaces (with some modifications in the smallest 
case rui — m2 = 1), see Wolfrom 
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8.9. The topology for 5 = 4 
We consider the remaining case where g = 4 and mi 7^ m2- Then 

dim(J^) = 2(mi + TO2) 
dim(7') = 2mi + TO2 
dim(£) = 2m2 + mi 

If mi ^ 7712, and 2 < ttii, 7772, then mi + 7712 is odd. If 77ii -I- 7712 is odd, then 

IV {V) = H'(§™1 X §™i+m2) 

If 7711 = 1 and if TO2 is odd, then 

H'(£;(Q) = H'(§2"2+i.Q)^ 

Moreover, the following is true. The focal manifold C is (7712 — l)-connected, and 
V is (mi — l)-connected. Let 5 C £ be a curvature sphere of dimension 7712, 
corresponding to p £V. Then 7r,„2(£) is generated by the inclusion S™^ = 5 C £; 
a similar result holds for V (note that Tr^a (^C) = Z if ttii < 7772 and 7711 + 7772 is odd 
and that iTm^^C) = Z/2 if ttii = 1 and 7712 is odd). 

This follows from Miinzner 1771. Miinzner determined structure constants for 



the cohomology rings, although he did not write down the resulting rings. See 
Straufi [^2| for a thorough discussion. 



By the result above, we can apply our classification of homogeneous spaces to 
focal manifolds. 
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8.B. The Stiefel manifolds 



Let F e {K, C, H}. The Stiefel manifolds 1^2 (F") can be embedded into spheres 
as focal manifolds of isoparametric hypersurfaces. Let G(n) be one of the groups 
SO(n), SU(n) or Sp(n), let V denote the natural G(n)-module, and let F denote 
the corresponding skew field, F = M, C, H. Consider the action of G{n) on the 
unit sphere g^dn-i c_ V (BV, where d = dimg F = 1, 2, 4. There are precisely two 



orbit types. Let 
The union 



{x,y) e S' 



2dn-l 



(- V (BV. li x,y are F-linearly independent, then 



2), and if x, y are F-linearly dependent, then Gi^ y) = G(n — 1) 



X^{{x,y)&§' 



2dn-l| 



G{n) 



sdn- 



of the singular orbits is one focal manifold of the homogeneous isoparametric hy- 
persurface corresponding to this situation, cp. Section 7.E and Section 7.F in the 
previous chapter. The other focal manifold is the orbit Y = G{n) ■ {x,y), where 
I^P = |yP = 1/2 and {x\y) — 0. However, this orbit is (topologically) not unique; 
all principal orbits are homeomorphic. 

Suppose now that C — G{n) /G{n — 2) C K^''" is a homogeneous focal manifold. 
Assume in addition that the action oiG{n) is as above, i.e. that R^'^" ^ V(BV. The 
union X of the singular orbits has to be contained in the other focal submanifold 
v. Now X is a manifold of the same dimension as V, hence V = X. But the 
isoparametric foliation is uniquely determined by one focal manifold, so C — Y. 

Lemma 8.10. The homogeneous spaces G{n)/G{n — 2) can he realized as ho- 
mogeneous focal manifolds. //R^''" = V ®V , then there is a unique isoparametric 
foliation in g^dn-i corresponding to this action. □ 

To obtain a complete classification, it remains to show that R^"*" = V ® V. 
If n is large enough, then there is only one irreducible r epresentat i on of G{n ) of 
dimension at most 2dn, the natural one onV^W 
see that the precise numbers are as follows: for I 



From [4.12 

R,C 



4.ie, 4.10 



4.14, we 



we need n > 10,6,5, 
respectively. For the low-dimensional cases we use the following fact. According to 
Lemma 8.6, the G(n)-module R^''" cannot have any trivial factors. 



G(5) = SU(5), 2dn = 20 



By 4.1C, the semisimple 20-dimensional SU(5)-M- 

modules without trivial factors are F and ^Xx2 ■ The orbits in ^Xx.^ yield 
isoparametric hypersurfaces, but with other orbit types (the multiplicities 
are (4, 5)). Thus in our setting wc have V (BV as the only possibility. 

4) — SU(4), 2dn = 16 By 1.10 , there are no semisimple 16-dimensional 

SU(4)-R- modules without trivial factors, except for V (BV. 



G(3) = SU(3), 2dn = 12 By |4T0|, the semisimple 12-dimensional SU(3)-R- 

modules without trivial factors are y and ^X2Xi = S^C^. I am indebted 
to R. Bryant for pointing out that every complex symmetric 3 x 3-matrix can 
be diagonalized under the action of SU(3). Therefore, the isotropy group of 
every element in S^C^ contains Z/2 ® Z/2, and thus there are no orbits of 
type SU(3)/1 in S^C^. Thus we have V ®V as. the only possibility. 

G(9) = SO (9), 2dn — 18 By 4.12, there are no semisimple 18-dimensional 
SO(9)-R-niodules without trivial factors, except for V ®V . 
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G(7) = S0(7), 2dn = 14 



S0(7)- 



By 4.12, there are no semisimple 14-dimensional 
modules without trivial factors, except for V (BV. 



G(5) = S0(5), 2dn = 10 



By 4.12, the semisimple lO-dimensional S0(5)-R- 
modules without trivial factors are V (B V and Ad. In Ad, the principal 
orbits are S0(5)/T^. These orbits belong to a homogeneous isoparametric 
hypersurface with multiplicities (2,2), and this excludes this module in our 
situation. Thus, wc we have V (BV. 



G(4) = Sp(4), 2dn ^ 32 



Sp(4)- 



By 4.14, there are no semisimple 32-dimensional 
modules without trivial factors, except for V (BV. 



G(3) = Sp(3), 2dn = 24 



By 4.14, there are no semisimple 24-dimensional 
Sp(3)-R-modules without trivial factors, except for V (BV. 



G(2) = Sp(2), 2dn = 16 By 4.12 , there are no semisimple 16-dimensional 
Sp(2)-M-modules without trivial factors, except for V (BV. 



G(8) = S0(8), 2dn = 16 By 4.12, there are no semisimple 16-dimensional 



SO(8)-M-modules without trivial factors, except for V (BV. 



G(6) — S0(6), 2dn — 12 By 4.12, there are no semisimple 12-dimensional 
SO(6)-M-modules without trivial factors, except for V (BV. 

Thus we have a complete classification for classical groups acting on Stiefel mani- 
folds. However, there are also the exceptional actions G2/SU(2) = V2(R^), 
Spin(7)/SU(3) = F2(K*), and Spin(9)/G2 = V2iO^). We consider these cases, 
and some more, in the next section. 



8.C. Some sporadic cases 



Now we consider some homogeneous spaces of almost simple Lie groups which 
do not belong to any series. Nevertheless, the ideas are very similar as in the last 
section. 



/: = Spin(9)/G2 = ^2(02) 



By 4.12 



the only 32-dimensional semisimple 
Spin(9)-M-module without trivial factors is V (B V, where F = O ® O is 
the affine Cayley plane. The orbit types are Spin(9)/Spin(7) (15-dimensional 
orbits), Spin(9)/Spin(6) (21-dimensional orbits), and Spin(9)/G2 (22-dimen- 
sional orbits), see Salzmann et al. |85|, Chapter 1. The union X of the singu- 
lar orbits is the non-homogeneous focal manifold of the Clifford hypersur face 
with multiplicities (8, 7) (the definite case, cp. Ferus-Karcher-Miinzner ||34| 
6.6). Since X CV and dim{X) = dim(7^), we have uniqueness. 



= Spin(10)/SU(5) or £ = Spin(10)/Spin(7) Bygl|, the only 32-dimension- 
al semisimple Spin(10)-R-module without trivial factors is ^Xx^ = C^^. In- 
specting the homogeneous hypersurface with multiplicities (6, 9), we see that 
there are exactly two singular orbits, of dimensions 24 and 21, respectively; 
the principal orbits have codimension 1. Thus, the singular orbits are the 
focal manifolds. 



r = SU(5)/SU(2) X SU(3) or C 



SU(5)/Sp(2) By the only 20-dimen- 

sional semisimple SU(5)-R-modules without trivial factors are 2 • ^Xx-^ = 
(B and ^Xx^ — /y^C^. In both cases, the orbit structure is known. 
In our present situation, we have the 20-dimensional simple module. There 
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are exactly 2 singular orbits of type V 
SU(5)/Sp(2). 



SU(5)/SU(2) X SU(3) and C 



V = Spin(9)/SU(4) 



By 4.12 , the only 32-dimensional semisimple Spin(9)-R- 
modulc without trivial factors is V ®V , where F = O © O is the afhne 
Cayley plane. As observed above, the orbits have dimension 21 = dim(7'), 
22, or 15. The 15-dimensional orbits have to be contained in the other focal 
manifold C, and (by counting dimensions) C is the union of these 15-spheres. 
Thus we know C, and this determines the isoparametric foliation uniquely. 

the only 16-dimensional semisimple 
I* e M^. The orbits are either 



C = Spin(7)/SU(3) 



By |4T3, 

module without trivial factors is 



Spin(9) 

7-spheres (for pairs {cx, sx) with 



= 1 = 



^) or Stiefel manifolds 



V2(IR.^). As before, the union X of the 7-spheres has to be contained in the 
other focal manifold V, and thus X ^V. 



C = G2/SU(2) = V^2(M^) 



By 4.2(;, the only 14-dimensional semisimple G2- 
)R^andAd. 



modules without trivial factors are R' 0R' and Ad. The orbits in Ad belong 
to an isoparametric hypersurface G2 /T^ with 6 distinct principal curvatures 
and multiplicities (2,2). This excludes this module. Therefore, we have the 
standard action of G2 on pairs of pure octonions. The orbits are either 6- 
spheres, or Stiefel manifolds V2(R^). As above, the union X of the 6-spheres 
in is precisely the other focal manifold V. 

There are some more pairs (G, H) where G is almost simple. We show that they 
do not belong to isoparametric foliations. 



Sp(3)/Sp(l) X Sp(l) and Sp(3)/Sp(l) x i^paA^ (Sp(l)) are not possible. The 



multiplicities would be (4,7). However, there i s no 24-dimensional semisim- 
ple Sp(3)-R-module without trivial factors by 4.14 . 



E6/F4 is not possible. This follows from Lemma 8.8, because dim(F4) = 

the multiplicities 



52 > max{(^), (^)} = 36. It follows also from Stolz |^ 
(8, 9) are not possible. 



V = SU(6)/Sp(3) is not possible. This follows from Lemma 8.8: dim(Sp(3)) 



21 > max{(^),(^)} = 10. 

Note however that SU(6)/Sp(3) and SU(5)/Sp(2) are SU(5)-equivariant- 
ly homeomorphic, and that SU(5)/Sp(2) is a focal manifold. 



8.D. The semisimple case 

We begin with the split case. Let V — Ki/Hi x K2/H2 be a product of homo- 
geneous spheres. We show that in 'most' cases, V cannot be a focal submanifold 
of an isoparametric foliation. The idea is exactly the same as in the last chapter. 
Let S C V = x g^ji TOi-dimensional curvature sphere. Then the 

composite 

S ► V 
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is a homotopy equivalence, hence Sn {{x} x §"h+™2) ^ fQj. x G §"'1. The 
fixed point set Fix{Hi,r) contains (at least) §° x §™i+"2 c V. It foUows that Hi 
fixes all curvature spheres of the type of S globally. But this implies that Hi fixes 
V pointwise, hence {Ki,Hi) — (Sp(l), 1). 

Lemma 8.11. If V = Ki/Hi x K2/H2 is a product oj homogeneous spheres, 
then one of the factors is with the regular Sp{l) -action. □ 

To exclude the homogeneous spheres K2/H2 = S0(m2 + 4)/SO(m2 + 3), for 
TO2 > 2, we apply Lemma 3.8 to H2- In fact dim(iJ2) < ^^'^{{2)' ('"2^^)}- ^o^e 



that S'^ X cannot be a focal manifold, since 7r3(S'^ x ^ Z/2, so TO2 = 1 is also 
excluded. 

Suppose that V = (SU(r + l)/SU(r)) x S^. Then 7712 = 2r - 2. Here we cannot 
use 3.8. However, SU(r) cannot act non-trivially on M^*"^^, provided that r 7^ 2,4, 
cp. 1.1C| . Thus, SU(r) cannot act non-trivially on _LpP for 71 7^ 2, 4, and this excludes 



these groups. Similarly, the cases P = (G2/SU(3)) x §3 or 7^ = (Spin(7)/G2) x §3 
are not possible. We are left with the cases 

(Sp(n)/Sp(n- 1)) X §3, ,1 > 2 

(Spin(9)/Spin(7)) x 

(SU(5)/SU(4)) X §3 

(SU(3)/SU(2)) X 

In the non-split case we have also to consider the pairs (Sp(n) x Sp(2), Sp(7T, — 1) • 
Sp(l)) and (Sp(n) x SU(3),Sp(n — 1) • Sp(l)). By the same reasoning as above, 
one sees that these groups cannot occur for n > 4, since then Sp(n — 1) cannot 
act non-trivially on real vector spaces of dimension less than 4(rt — 1). We have to 
consider the pairs 

(Sp(3)xSp(2),Sp(2).Sp(l)) 
(Sp(3)xSU(3),Sp(2).Sp(l)) 
(Sp(2)xSU(3),Sp(l)-Sp(l)), 

and some more cases. 



V = Spin(9)/Spin(7) x is not possible. Otherwise we have a 32-dimensional 
Spin(9)-M-module. The low-dimensional irreducible representations have di- 
mension 9 and 15, soR^^ ^V®W splits off the Spin(9)-module V = 0®0. 
Suppose that W splits off the natural SO(9)-R-module X = R^. The 



remaining 7-dimensional Spin(9)-modulc has to be trivial, cp. 4.12. More- 
over, Censo(32)(Spin(9)) S0(7). Therefore we see that 7^ = S^^ x 
factors in such a way that E>^^ <ZV (BW and C . Let p = {v, w, x) e 
P C V ® T¥ ® R'' and let N g ±pV n K'^ be a non-zero normal vector (i.e. 
choose a non-zero vector in R'' perpendicular to the S^-orbit of p). Then 
N(v',w',x) = N defines a normal vector field for all («', w') E §^^. The Wein- 
garten map is A^X = for all X £ T(^^^)§i^ C T(V, w, x)V. Thus, the 



kernel of is at least 15-dimensional, contradicting 8.3. 

If 14^ is a trivial Spin(9)-module, then by a similar argument Am has a 
kernel of dimension at least 15, provided that iV C 14^ is a normal vector. 

Finally, suppose that W^^V. Then Censo(32) (Spin(9))° ^ S0(2); thus, 
there is no room left for Sp(l). 
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V = SU(5)/SU(4) X §3 is not possible. 



The corresponding isoparametric hy- 
persurface would have multiplicities (3,6), contradicting Stolz' result. 

Suppose otherwise. We have a 12-di- 
= V ®W, where 



V = SU(3)/SU(2) X §3 is not possible. 



mensional SU(3)-R-module. From 4.1C| we see that 
V = is the natural module. 

If M}"^ = V ® V, then Censo(i2) (SU(3)) ^ SU(2); thus, we know the 
action of SU(3) x SU(2) on R^^. However, the principal orbits of this action 
are isoparametric hypersurfaces with multiplicities (2, 1), and this excludes 
the module V ®V. 

Otherwise, W splits off a non-zero trivial SU(3)-module. By the same 
argument as above, we see that then the Weingarten map of V has a 5- 
dimensional kernel. However, the multiplicities in this case are (3,2), and 
thus we have again a contradiction to B.2. 

Otherwise we have a 24-di- 



V = Sp(3) X Sp(2)/Sp(2) • Sp(l) is not possible. 



mensional Sp(3)- 
y by 



14.14 



-module. Then M?"^ splits off the natural Sp(3)-module 



If ^ y ® y (as a Sp(3)-module), then Censo(24) (Sp(3))° = Sp(2), 
thus we know the orbit structure. The principal orbits are isoparametric 
hypersurfaces with multiplicities (4, 7), but both focal manifolds have other 
orbit types than the one which we consider here. 

Otherwise, R^"' splits off a 12-dimcnsional trivial module, cp. 
therefore Censo(24) (Sp(3))° = Sp(l) x S0(12). However, M^^ cannot be a 



4.14, and 



semisimple Sp(2)-module without trivial factors, cp. 4.12 . Thus, M^** cannot 
be a semisimple Sp(3) x Sp(2)-module without trivial factors. 

the multiplicities 



V = Sp(3) X SU(3)/Sp(2) • Sp(l) is not possible. 



would be (5,6), contradicting Stolz 
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Here, 



r = Sp(2) X SU(3)/Sp(l) • Sp(l) is not possible. Here, 



woul d be (5,2). We decompose 

splits off the natural Sp(2)-module V 



4.12 we see that 



the multiplicities 

as a semisimple Sp(2)-IR-module. From 

V®V, 



If: 



ol6 



then Ceng o(ig) (Sp(2)) ^ Sp(2); however, there is no embedding SU(3) C 
Sp(2), cp. Put Ri6 ^ V ®W. Then SU(3) C Censo(i6) (Sp(2))° C 

Sp(l) X S0(8). Thus, y is a trivial SU(3)-module. Now W is an 8- 
dimensional non-trivial SU(3)-R-modulc. By [4.10| , W splits off the natural 
SU(3)-module. We have a remaining 2-dimcnsional Sp(2) x SU(3)-R-module, 
which has to be trivial. Thus, cannot be a semisimple Sp(2) x SU(3)- 
modulc without trivial factors. 

In the split case, only the infinite series §*"~^ x S'^ = Sp(n) /Sp(n— 1) x S"^ with mul- 
tiplicities (3,4n — 4) remains; in the non-split case, the series Sp(n) x Sp(2)/Sp(n — 
1) • Sp(l) • Sp(l) with multiplicities (4,4?t. — 5) remains. 



8.E. The (4,4n-5)- and the (3, 4n - 4)-series 

Now we consider the remaining two infinite series. We start with the series 
V = Sp(n) X Sp(2)/Sp(n - 1) • Sp(l) • Sp(l)), 



cp. Section 7.F. Here, the multiphcities are (4,4n — 5) and G — Sp(7i) x Sp(2). 
Consider the action of Sp(n — 1) on the normal space J-pP = R^"~^. 
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If this action is trivial, then Sp(n— 1) fixes a curvature sphere in the other focal 
manifold £. The normal space of £ is 5-dimensional. If n — 1 > 3, then Sp(n — 1) 
acts also trivially on the normal space ^-e,C^ since there is no 5-dimensional non- 



trivial Sp(n — l)-R-module, cp. 4.14. It follows then that Sp(n — 1) fixes every 
point in V, which is absurd. 

Thus, Sp(n - 1) acts non-t rivially on LpV K"*""*. If n - 1 > 3, then this 



is the natural module by 4.14, and thus the action of G on the normal sphere 



bundle S(_L7') ~ is transitive. It follows that the action of G on £ is also 



transitive. In Section B.B we classified all homogeneous focal manifolds C belonging 
to isoparametric foliations with multiplicities (4, 4n— 5), for n > 3; then £ is a Stiefel 
manifold V2(H"). Note that the action of G on £ is not irreducible; the normal 
subgroup Sp(n) acts already transitively on L. We have established the uniqueness 
of the isoparametric foliation for n > 4. We consider the cases n = 2, 3 separately. 

Then we have a 24-dimensional Sp(3)-module. Thus 'E?^ = V ®W , and 



4.14 



1/ = H'^ is the natural Sp(3)-module, cp. 

If is a trivial Sp(3)-M-module, then Censo(24) (Sp(3)) ^ Sp(l) x 
S0(12). Thus Sp(2) C S0(12), and W ^ R^^ has to be a semisimple 



n^2 



Sp(2)-module without trivial factors. By 4.12 , this is not possible. 

Thus = v®V. Then Censo(24) (Sp(3)) ^ Sp(2). Thus, we have 
uniqueness of the G-action. The principal G-orbits are isoparametric. 
Then we have a 16-dimensional Sp(2)-R-module. Thus M^^ ^ ^ ^ 



and V — M^ is the natural Sp(2)-module, cp. 4.12, 

If is a trivial Sp(2)-K-module, then Censo(i6) (Sp(2)) = Sp(l) x 
S0(8). Then the other factor Sp(2) is contained in S0(8); as in the case 
n = 3 above, we conclude that it acts as Sp(2) on = M^. Then the 
G-orbits are either products of spheres x or spheres thus, V cannot 
be an orbit in this module. 

Suppose that W = R^®R^ decomposes into the natural SO(5)-R-niodule 
and a trivial 3-dimensional module. Then Censo(i6) (Sp(2)) = Sp(l)xS0(3), 
and there is no more room for the other factor Sp(2). 

Finally, suppose that R^<^ = V ® V. Then Censo(i6) (Sp(2)) = Sp(2), 
and we have uniqueness of the action of G. The principal orbits are isopara- 
metric. 

Proposition 8.12. Each of the homogeneous spaces in the (4, 4n — 5)-series, 
n > 2, is in a unique way a focal manifold of an isoparametric foliation. □ 

Now we consider the series 

V = Sp(n)/Sp(n- 1) X Sp(l). 

The multiplicities are (3,4n — 4). First we describe the known example. 

8.13. Example 

Let 

P = {{x, xa) e H" ® H"! x e H", a e H, \x\^ = 1/2, \a\^ = 1} 

£ = {(u,w) eH"®H"| {u\v)=0, |u|2 + |„|2^l} 

(here (— | — ) denotes the standard positive definite hermitian form on H"). These 
are focal manifolds of an isoparametric hypersurface with 5 = 4 distinct principal 
curvatures. The multiphcities are (3,4n — 4). The incidence in the corresponding 
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point-line geometry is as follows. A point p — {x,xa) is incident with the line 
£ — {u, v) if and only if 

X — —;=[u + va). 
V2 

The group Sp(n) x Sp(l) x Sp(l) acts as a group of automorphisms and isometrics 
on the isoparametric foliation (the group Sp(n) as a matrix group from the left, 
the group Sp(l) x Sp(l) as multiplication by pairs of scalars from the right), and 
the action is transitive on the point space V. The subgroup Sp(n) x Sp(l) (where 
Sp(l) is any of the two factors) acts still transitively on the points. 

Now we get back to the unknown homogeneous focal manifold. If the action 
of Sp(n — 1) on J-pV = K^"~'^ is trivial, then Sp(7i — 1) has to act on the space 
J-iC = M^, which is impossible for n > 3. Thus we have a non-trivial action of 
Sp(7i — 1) on J-pV = M^""'^, provided that n > 3. If n > 4, then the only possibility 
is that R"*"^* = y ® R is the natural Sp{n — l)-module V plus a 1-dimensional 
trivial module. Thus, we see that the normal bundle of V is 

±V = (Sp(n) X Sp(l)) xsp(„_i) {V e R). 

The isoparametric hypersurface is the unit sphere bundle of the normal bundle 1-V. 



Consider the Sp(n)-R- module R^". From 4.14 we see that 9^V®W sphts 



off the natural module V = H" (this holds for all n>2). 

Suppose that W is the trivial module. Let {v,w) G V C V (B W. Then 
w ^ and Sp(n) • (w,w) is a sphere §*"~^. The normal isotropy representation 
of Sp(n — 1) on _Lp(Sp(n) • {v,w)) ~ R is trivial; it follows that the normal 
isotropy representation of Sp(n— 1) on J-pV is trivial as well. But this is impossible 
for n > 3. 

If n > 3, then W has to be trivial or isomorphic to the natural module V, 
Thus, R*" = V ®V a.s a. Sp(n)-niodule, provided that n > 3. 

Then it is also possible that W = X (B'U.'^ splits off the 5-dimensional 



cp. 


4.14 


1 




n = 


2 



SO(5)-R-module X. Suppose that we have this module. Then 
Censo(i6)(Sp(2)) ^ Sp(l) x S0(3). Let p ^ {w, x, z) € V Q V ® W <S) . 
li w ^ ^ X, then the Sp(2)-stabilizer of p is trivial. But for p E V, the 
stabilizer is Sp(l). Thus a; = 0, and V C 1/0 R"^, which is impossible. Thus 
Ri6 = y y as a Sp(2)-module. 
We have established for all n > 2 that R*" = T/ 1/ as a Sp(n)-module, and 

C Censo(8«)(Sp(n)) ?5^Sp(2). 

Let p — {x,y) £ V C V (BV. The Sp(n)-orbit of p is a sphere, therefore {x, y) have 
to be H- linearly dependent. Put 

V = {{xc, xs)\ X e §*""\ c, s e H, \cf + \sf = 1}. 

Then V C-V. As in Section [7.F| , consider the map 

: -P — >S*, {xc, xs) I — > {\xc\^ - \xs\^,2cs). 

The fibres of cj) are precisely the Sp(n)-orbits in V. The group Cengo(8n) (Sp(n)) = 
Sp(2) permutes these fibres and acts as S0(5) on the image S"* of (j); in other words, 
(f) is Sp(2)-equivariant. Now §^ C Sp(2) has an orbit on V which meets every Sp(n)- 
orbit precisely once, and which is homeomorphic to Thus we have to consider 



subgroups isomorphic to S in SO (5). By 4.10, there is just one conjugacy class 
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of such groups, SU(2) C S0(4) C S0(5). We lift this group into Sp(2) to obtain 
§3 c Sp(2). 

So far, we have determined the subgroup S'^ C Sp(2); it is conjugate to Sp(l) C 
Sp(2), and the action of G = Sp(n) x Sp(l) on K®". The problem is that there 
are many G-orbits in §^"~^ which are homeomorphic to V, and we have to find 
the right one. Note that for each orbit homeomorphic to V , the normal bundle 
has the form described above. Therefore we know the orbits which are contained 
in the hypersurfaces, or in V] they are either homeomorphic to V (and thus {An + 
2)-dimensional), or (8n — 3)-dimensional (for pairs {x,y), where x,y are linearly 
independent, but {x\y) ^ 0). However, there are also (8n — 6)-dimensional orbits 
(for pairs {u,v), where u,v are linearly independent, with {u\v) = 0) and (4n — 1)- 
dimensional orbits (for x = or y = 0). These orbits have to be contained in the 
other focal manifold C. In fact, C consists entirely of these orbits, because the 
union of these orbits is a manifold of the same dimension as £ — here we look at 



our model as in 8.13. Thus, C is unique, and this establishes the uniqueness of the 



isoparametric foliation. 

Proposition 8.14. Each of the spaces in the (3, 4n — 4)-series, n > 2, is in a 
unique way a focal manifold of an isoparametric foliation. □ 

8.F. Summary 

In this chapter, we have established the following result. 

Theorem 8.15. Let T C he an isoparametric hypersurface with four dis- 
tinct principal curvatures and multiplicities (rni,m2). Let V , C denote the focal 
manifolds of T . Suppose that G C SO(r + 2) is a compact connected subgroup 
which acts transitively on the focal manifold V and assume that mi > 3. 

There are the following possibilities for the isoparametric foliation (and no oth- 
ers). 

T is homogeneous. Then T belongs to the homogeneous series with multiplic- 
ities {n — 2,1), for n> 5, or {2n — 3, 2), for n > 3, or (4n — 5, 4), or dually 
(4, An — 5), for n > 2, or has multiplicities (4, 5), (5, 4), (6, 9), or (9, 6) . 

J- is not homogeneous. Then J- is of Clifford type. Either it belongs to the 
non-homogeneous Clifford series with multiplicities (3,4n — 4), for n>2, 
or (mi, 7712) — (7,8), and {V,C,!F) — {M^, M^, M) is dual to the definite 
isoparametric foliation of Clifford type with multiplicities (8, 7) ( cp. Ferus- 



K archer- Miinzner |34| for the terminology) 



Corollary 8.16. Let T be an isoparametric hypersurface with four distinct 
principal curvatures. If both focal manifolds V and C are homogeneous, then T is 
homogeneous. □ 

The following result was recently proved by Wolfrom. 

Theorem 8.17 (Wolfrom). Let T be an isoparametric hypersurface with g = 
3, 4, 6, and assume that m\ — 2. If the focal manifold V is homogeneous, then T is 
homogeneous 114| . 



Corollary 8.18. Let T be an isoparametric hypersurface, and assume that 
one focal manifold is homogeneous. Then either T is homogeneous, or T is of 
Clifford type, with g — A and (mi,m2) — (8,7) or (mi,m2) — (3,4fc). 
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Proof. We may assume that V is homogeneous, and that g — If mi > 3, 



then the result foUows from our Theorem 8.15 above, and for mi — 2 it follows 



from Wolfrom's Theorem 8.17. If mi = 1, then the results of Takagi |97| and 



Dorfmeister-Neher ]28| apply. □ 
Finally, we state ImmervoU's theorem. 

Theorem 8.19 (ImmervoU). The point-line geometry associated to an isopara- 
metric hypersurface with g = A is a compact connected and smooth generalized 



quadrangle [48 



The following difficult problem is open. 

8.20. Conjecture Every isoparametric hypersurface is either homogeneous, 
or of Clifford type. 



Looking back at our proof of Theorem 8.15, we note that we have obtained 
the following classification of compact connected transitive groups. Let T be an 
isoparametric hypersurface as above, and let G C S0(r + 2) be a compact connected 
group which acts transitively on V . There are precisely the following possibilities 
for G. 

8.21. Multiplicities (n - 2, 1), for n > 5 
Then r = V2{W) is a Stiefel manifold, and G = SO(n) or G = SO(n) • S0(2), 
where SO(n) n S0(2) = SO(n) n {±1}. 

For n = 8, there are the additional possibilities G ~ Spin(7) and G = Spin(7) • 
S0(2), where Spin(7) n S0(2) = {±1}, and for n = 7 there is the additional 
possibility G G2 or G = G2 • S0(2), where G2 n S0(2) = 1. 

The action of G is transitive on C and T if and only if G contains the second 
factor SO (2). 



8.22. Multiplicities (2n - 3, 2), for n > 3 

Then V = V2(C") is a Stiefel manifold, and G is one of the groups SU(r7,), U(n), 
SU(n)-SU(2), U(n)-U(2), where SU(n)nSU(2) = SU(n)n{±l} and U(n)nSU(2) = 
{±1}. 

The group G acts transitively on C or T only if G contains the SU(2) factor. 

8.23. Multiplicities (4,4n - 5) or (4n - 5,4), for n > 2 

Then C = V2(]HI") is a Stiefel manifold, and G is of the form G = Sp(n) • K , where 
K is a. connected subgroup of Sp(2), and Sp(2) n Sp(n) — {±1} (it is not difficult 
to determine all connected subgroups of Sp(2)). The action of G is transitive on 
the focal manifold £, and transitive onV ot T if and only if K = Sp(2). 

8.24. Multiplicities (4,5) or (5,4) 

The group is either G = SU(5) or G = U(5). In each case, G acts transitively on 
P, C and T. 

8.25. Multiplicities (9,6) or (6,9) 

If G acts transitively on £, then G = Spin(lO) or G = Spin(lO) • U(l), and G acts 
transitively on C and T. The groups G = Spin(9) and G = Spin(9) • U(l) act 
transitively on V , but not on C or J- . 
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8.26. Multiplicities (3,4n-4), for n > 2 

Then V = E>^x §""-5^ and G is of the form G = Sp(n) • K, where K in a. connected 
subgroup of Sp(l) X Sp(l), containing a subgroup isomorphic to Sp(l). The group 
G acts transitively on V, but not on C or J^. 

8.27. Multiplicities (7,8) 

If G acts transitively on P, then G = Spin(9) or G = Spin(9) • S0(2), and G does 
not act transitively on C or J^. Here, V = V2(0^) = M+. 
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